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Geometric photovoltaics applied to amorphous silicon thin film solar cells 
Author:  Timothy Kirkpatrick 
Graduate research adviser:  Michael J. Naughton 
Abstract:   
Geometrically generalized analytical expressions for device transport are derived 
from first principles for a photovoltaic junction.  Subsequently, conventional planar and 
unconventional coaxial and hemispherical photovoltaic architectures are applied to detail 
the device physics of the junction based on their respective geometry.  For the 
conventional planar cell, the one-dimensional transport equations governing carrier 
dynamics are recovered.  For the unconventional coaxial and hemispherical junction 
designs, new multi-dimensional transport equations are revealed.  Physical effects such as 
carrier generation and recombination are compared for each cell architecture, providing 
insight as to how non-planar junctions may potentially enable greater energy conversion 
efficiencies.  Numerical simulations are performed for arrays of vertically aligned, 
nanostructured coaxial and hemispherical amorphous silicon solar cells and results are 
compared to those from simulations performed for the standard planar junction.  Results 
indicate that fundamental physical changes in the spatial dependence of the energy band 
profile across the intrinsic region of an amorphous silicon p-i-n junction manifest as an 
increase in recombination current for non-planar photovoltaic architectures.  Despite an 
increase in recombination current, however, the coaxial architecture still appears to be 
able to surpass the efficiency predicted for the planar geometry, due to the geometry of 
the junction leading to a decoupling of optics and electronics.   
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Chapter 1 - Introduction 
We define “geometric photovoltaics” as the manner and extent to which charge 
carrier dynamics vary as a function of the geometrical configuration of a photovoltaic 
junction.  Contemporary solar cell designs, even highly textured cells, are based on planar 
photovoltaic junctions, for which carrier transport is fundamentally one-dimensional.  
However, non-planar photovoltaic junction designs, for which one of the aims is to 
decouple optical and electronic length scales, could potentially generate and separate 
carriers more efficiently than the conventional configuration.  Recent advances in 
materials science and nanotechnology have enabled the fabrication of a number of such 
unconventional photovoltaic architectures.  While there is substantial information 
describing the physics of planar solar cells, to date, very little literature is available 
detailing the physics governing charge carrier generation, recombination, and transport 
for non-planar junctions.  By aptly detailing the device physics for varying geometrical 
configurations of a photovoltaic architecture, the geometry of the junction can be studied 
to ascertain which configurations maximally improve cell efficiency.   
Some planar photovoltaic junctions suffer from an efficiency-limiting effect 
known as the “thick-thin” problem.  This is a geometrical and material property 
constraint of planar junctions and refers to the competition between length scales for 
optical absorption and electronic transport in a semiconducting absorber.  Because 
transport in planar junctions is one-dimensional, optical absorption and electronic 
transport are, for simple planar junctions, collinear.  To ensure optimal charge carrier 
generation in the absorber, and charge carrier extraction from the device, the average 
optical absorption length    required for absorption of a photon should be less than the 
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thickness of the absorber  , which in turn should be less than the average  electron-hole 
recombination length      for charge carrier transport, as indicated in Figure 1.1.  
Recombination is the process where electrons and holes in the semiconductor (the charge 
carriers) annihilate each other by the electron occupying the empty state represented by 
the hole. 
 
Figure 1.1 Schematic of competing length scales for optical absorption and charge carrier transport in a 
planar semiconducting absorber.  To ensure maximal charge carrier generation from photon absorption 
(photons are incident on the absorber from the left), and maximal charge carrier extraction by minimizing 
recombination, the length scales should fit the criterion,          , for any planar structure.   
Crystalline semiconducting materials fit this criterion in a planar configuration.  
However, non-crystalline, especially amorphous semiconducting materials, often do not 
fit this criterion, and therefore suffer from the thick-thin problem, where the 
recombination length      is on the order of or less than the optical absorption depth   .   
Maximizing the power output of any photovoltaic junction corresponds to 
maximizing, in addition to voltage and fill factor, the current output of the device as well.  
The current output of any photovoltaic junction can fundamentally be reduced to the sum 
of competing currents due to charge carrier generation      and charge carrier 
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recombination     , such that                  .  For a planar photovoltaic junction (as 
will be shown in detail later in this work), the current density of the device due to charge 
carrier generation follows        [     ( 
 
  
)], and so increases with film thickness 
before eventually saturating at large thickness.  Meanwhile, the current density 
contribution due to charge carrier recombination, acting in opposition, varies as       
 
 
    
, and so grows large and negative with increasing thickness t.    Figure 1.2 indicates 
the combination of these two contributions, as well as suggests an optimization of current 
density for a planar device as a function of absorber thickness  .  For any planar 
photovoltaic junction, if the absorber thickness is very small, there is no current output of 
the device, which corresponds to their being no charge carrier generation in the device 
because the is no photon absorption (see Figure 1.2).  However, if the absorber is very 
large (thick with respect to the average recombination length of charge carriers in the 
material), then there is also no current output of the device, which correlates to no charge 
carrier extraction because of a dominating recombination current in the device (see 
Figure 1.2).  Therefore, for any planar photovoltaic junction, there exists an optimal 
semiconducting absorber thickness   that maximizes the difference in current densities 
            , and therefore maximizes the power output of the device.   
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Figure 1.2 Plot of current density proportionalities for optimization of current as a function of absorber 
thickness   for a planar photovoltaic junction.   
In recent years, a number of unconventional, non-planar photovoltaic (PV) 
junction designs have been proposed, and some experimentally fabricated 
1-11
, in efforts 
to enhance energy conversion efficiencies of solar cells.  To date, however, 
fundamentally planar solar cells still hold all efficiency records over their non-planar 
counterparts 
12, 13
.  The main driving force behind interest in non-planar photovoltaic 
architectures is grounded in the concept that radial (non-planar) junctions are able to 
decouple photonic and electronic path lengths within the junction, and, therefore offer 
opportunities to alter the competing roles of the length scales governing carrier 
generation and recombination, which limit efficiency in planar junctions.  However, the 
physics encompassing the decoupling of photonic and electronic path lengths in such 
devices is not trivial, and a detailed understanding of the physics governing transport in 
non-planar systems is still lacking.  In other words, the analysis for current density 
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proportionalities for planar junctions outline above may be very different for non-planar 
junctions.   
It is the intent of this work to establish a fundamental framework for the physics 
of non-planar photovoltaic junctions from first principles.  In addition to producing 
equations of transport for a few select non-planar photovoltaic architectures, which have, 
to some extent, been outlined in work preceding this 
14-16
, herein, the ground work is laid 
for establishing generalized equations of transport that are thus independent of any 
particular geometrical configuration, for any symmetric photovoltaic junction.  The 
geometrically generalized equations governing transport for any conceived symmetric 
photovoltaic junction are then applied to particularly simple photovoltaic architectures 
(including the planar junction) to investigate whether there is potential for increasing 
solar cell efficiency by geometrically optimizing the photovoltaic junction.  Effects such 
as ohmic losses due to parallel and/or series resistance of the solar cell circuit are not 
considered in this analysis.  Because the equations governing charge carrier transport for 
planar junctions have already been established (albeit from a different starting point), in 
order to specify the difference between equations that are new based on this analysis and 
equations already established in the field of photovoltaics, new equations derived here 
will be outlined in boxes to emphasize the difference.   
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Chapter 2 – Geometric photovoltaics 
Introduction 
This chapter on geometric photovoltaics establishes a set of geometrically 
generalized equations that govern transport for all symmetric photovoltaic (PV) 
junctions.  While there is substantial literature on the physical aspects of two-
dimensional, planar solar cells (which describe only one-dimensional transport normal to 
that plane) 
1-21
, far less effort has been expended on -the mathematical physics of non-
planar photovoltaic junctions.  The fundamental physics underlying the equations of non-
planar transport are derived from first principles in order to establish a set of equations 
governing transport that can be applied to any symmetric photovoltaic architecture.  It 
should be noted that work preceding that presented here has also addressed charge 
transport physics for some proposed non-planar photovoltaic junctions 
22-29
.  However, 
we strive here to establish a first principles approach to establishing geometrically 
generalized equations governing charge carrier transport for any symmetric, non-planar 
photovoltaic junction. In future work, one would be able to apply this formalism further 
to address non-symmetric configurations.  
2.1 p-n homojunctions 
 A schematic of a p-n junction is shown in Figure 2.1.  Here, geometry is removed 
from the orientation of the junction, as indicated by the vector quantities of position 
defining the spatial parameters of the junction.  For simplicity in the analysis, it is 
assumed that no matter which geometrical configuration the p-n junction may take, the 
junction can always be broken down in to three distinct regions; an N-type region (NTR), 
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and P-type region (PTR), and a space-charge region (SCR) 
1-3, 6, 7, 12
.  For crystalline 
silicon p-n junctions, the SCR is the depletion region of the junction, and for amorphous 
silicon p-i-n junctions, the SCR is, ideally, the thickness of the intrinsic (i-layer) inserted 
between the NTR and the PTR to enhance photon absorption in the cell 
3
.  Because the 
physics of the three regions are very similar for both crystalline silicon and amorphous 
silicon junctions, the device physics outlined here should be able to be applied to both 
types of cells.   
 
Figure 2.1:  Schematic of a geometrically generalized p-n homojunction.   
The SCR is defined by the region at the interface between the two types of doped 
semiconductors, and is referred to as such because in this region of the junction, the 
gradient in the energy band profile sweeps out all free carriers into the quasi-neutral 
regions.  The NTR and PTR are referred to as “quasi-neutral regions” because it is 
assumed that the fixed charge carrier concentrations are equal and opposite to the free 
charge carrier concentrations in these regions.   
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2.2 Motivation behind non-planar photovoltaic architectures  
Planar solar cells can be said to suffer from competing length scales for optical 
absorption,    
 
 
, and electron-hole recombination,     .  That is, these length scales are 
fundamentally coupled for planar junctions since their respective functions are parallel to 
each other.  Inherently, this is an issue for cell design because an absorber in a planar 
architecture should, ideally, be sufficiently thick to maximize photon absorption, while 
also being sufficiently thin to minimize charge carrier recombination.  That is, there is a 
preferred relationship between these length scales and the PV absorber thickness t:    < t 
<     .  This length-scale coupling relationship is not always obeyed in conventional, 
planar solar cells.  As a result, many non-planar junctions have been proposed as an 
architectural means to satisfy the relationship, offering prospects of increasing solar cell 
efficiency without significantly increasing cost to fabrication 
27, 28, 30-74
.  However, 
because average optical absorption depths    often exceed average electron-hole 
recombination lengths     , non-crystalline materials potentially benefit the most from 
non-planar PV architectures.  Any material with a recombination length scale less that its 
optical absorption length need not be constructed in a non-planar fashion, because the 
thickness of the absorber in the planar construction can be designed such that its 
thickness ( ) fits the requirement         .  For such a material, the thickness of the 
absorber is such that most of the light is being absorbed, while most of the charge carriers 
are being extracted as well.  The purpose of constructing photovoltaic junctions in non-
planar geometries is to attempt to orthogonalize the optical and electronic length-scales 
within the junction.   
10 
 
2.3 Geometrically generalized equations governing transport for p-n homojunctions 
 The task of determining the current of a photovoltaic junction can essentially be 
reduced to a “three equations; three unknowns” problem.  The three equations are: 1, 2, 8 
1. The drift-diffusion equation (under isothermal conditions) 
  ⃑( ⃑)       ( ⃑)     ⃑ ( ⃑)  
  
  
 ⃑     ( ⃑) 2.1 
2. The continuity equation (under steady-state conditions) 
  ⃑   ⃑( ⃑)   [ ( ⃑)   ( ⃑)] 2.2 
and, 
3. Poisson’s equation 
    ( ⃑)  
 [      ( ⃑)       ( ⃑)]
 ( ⃑)
 2.3 
The three unknowns are the current density  ⃑( ⃑), the free charge carrier concentration 
     ( ⃑), and the electric potential  ( ⃑).  The other variables in these equations are:  
    charge carrier mobility,   [   ]
  ,   Boltzmann’s constant,   the absolute 
temperature of the cell,   the fundamental unit of charge,  ( ⃑) the electron-hole pair 
generation rate,  ( ⃑) the electron-hole pair recombination rate,       ( ⃑) the fixed 
charge carrier concentration, and   ( ⃑) the dielectric constant of the semiconductor 
absorber.  As indicated above, it is assumed that the p-n junction is broken down into 
three distinct regions (with respect to position).  That means that the problem of 
determining the current of the junction is actually 9 equations and 9 unknowns, as the 
11 
 
three equations used must be applied to each spatially unique region of the junction.  In 
addition, there are two types of charge carriers that must be considered for each equation, 
bringing the total to 18 equations and 18 unknowns.  Finally, for three regions of the 
junction, there are four boundary conditions that must be applied to connect all regions of 
the junction together.   
 To simplify the analysis of determining the total current of the junction, each 
spatially unique region of the junction is analyzed separately.  To obtain analytical 
expressions for current, the most important equation to analyze in each region of the 
junction is Poisson’s equation.  Simplifying Poisson’s equation in each region of the 
junction allows the form of the electric field that is driving the drift-current in each region 
to be determined, and determines the shapes of the energy band profiles in each region of 
the junction.  The first simplifying assumption made for Poisson’s equation in this 
analysis is that the fixed charged carrier concentration is equal and opposite in sign to the 
free charge carrier concentration in the quasi-neutral regions.   
1.  Quasi-neutral regions:        ( ⃑)       ( ⃑) 
Therefore, Poisson’s equation reduces to Laplace’s equation in the NTR and PTR; 
    ( ⃑)    2.4 
The second assumption made about Poisson’s equation in this analysis is that all the free 
charge carriers are swept out of the SCR. 
2.  Space-charge region:      ( ⃑)    
12 
 
Therefore, in the SCR, Poisson’s equation reduces to 
    ( ⃑)  
       ( ⃑)
 ( ⃑)
 2.5 
Based on these assumptions, the task of determining the electric potential  ( ⃑) in each 
region of the junction is more manageable.  However, without specifying a particular 
architecture of the junction yet, the solution to  ( ⃑) cannot yet be determined, as each 
geometrical configuration of a photovoltaic junction may yield different solutions to 
 ( ⃑).  The solutions to the electric potential in each region of the photovoltaic junction 
will be looked at later in this chapter, after the architectures considered in this analysis 
are introduced.   
The remaining equations (drift-diffusion and continuity) will be analyzed in the 
quasi-neutral regions next.  Because the drift component of current in each equation of 
the junction can be expressed as a general gradient of the electric potential  ⃑ ( ⃑), there 
is no loss of information by not yet specifying  ( ⃑) in the quasi-neutral regions.  
Referring to Figure 2.1, the NTR is considered first.   
2.4 Device physics of the N-type region 
Current density in the NTR is defined by  ⃑ ( ⃑)   ⃑( ⃑   ⃑   ⃑ ).  The subscript 
of “ ” is used to indicate the spatially specific region of the photovoltaic junction.  The 
NTR derives its name because the majority of free charge carriers in this region are 
electrons.  Therefore, in the NTR, electrons are referred to as the majority charge carriers, 
and holes are referred to as the minority charge carriers 
12
.  The concentrations of 
electrons and holes in the NTR are defined by     ( ⃑   ⃑   ⃑ ) and    
13 
 
 ( ⃑   ⃑   ⃑ ) respectively, where again, the subscript of   is used to indicate the region 
of the junction.  The current density contributions from electrons and holes in the NTR 
are indicated by  ⃑  ( ⃑) and  ⃑  ( ⃑) respectively.  Total current density in the NTR is, 
then, the sum of both current contributions;  ⃑ ( ⃑)   ⃑  ( ⃑)   ⃑  ( ⃑).  Therefore, in the 
NTR, the drift-diffusion equation becomes 
  ⃑  ( ⃑)       ( ⃑)       ⃑  ( ⃑)  
    
 
 ⃑  ( ⃑) 2.6 
for electrons, and for holes it becomes 
  ⃑  ( ⃑)      ( ⃑)        ⃑  ( ⃑)  
     
 
 ⃑  ( ⃑)  2.7 
The continuity equation becomes 
  ⃑   ⃑  ( ⃑)    [  ( ⃑)    ( ⃑)] 2.8 
for electrons, and for holes it becomes 
  ⃑   ⃑  ( ⃑)   [  ( ⃑)    ( ⃑)]  2.9 
The boundary condition at  ⃑   ⃑  is defined by surface recombination 
1, 2, 4, 8
.  The 
surface recombination of electrons at  ⃑   ⃑  is 
  ⃑  ( ⃑ )     ⃑ [  ( ⃑ )     ( ⃑ )]     ⃑    ( ⃑ ) 2.10 
while the surface recombination of holes at  ⃑   ⃑  is 
14 
 
  ⃑  ( ⃑ )    ⃑ [  ( ⃑ )     ( ⃑ )]    ⃑    ( ⃑ )  2.11 
where  ⃑  and  ⃑  are the surface recombination velocities of electrons and holes, 
respectively, and    ( ⃑) and    ( ⃑) are the equilibrium electron and hole concentrations 
in the NTR.  The boundary condition between the NTR and the SCR  ⃑   ⃑  is defined by 
1-8
 
   ( ⃑ )  ( ⃑ )    
    (   )  2.12 
2.5 Device physics of the P-type region 
Analogous to the NTR are the equations governing transport in the PTR.  Current 
density in the PTR is defined by   ⃑ ( ⃑)   ⃑( ⃑   ⃑   ⃑ ).  The subscript “ ” is used here 
to indicate the spatially specific P-type region of the photovoltaic junction.  The majority 
free-charge carrier in the PTR is the hole, so the electron is the minority charge carrier.  
The concentrations of holes and electrons in the PTR are defined by     ( ⃑   ⃑   ⃑ ) 
and     ( ⃑   ⃑   ⃑ ), and the current density contributions from holes and electrons 
in the PTR are indicated by  ⃑  ( ⃑) and  ⃑  ( ⃑), respectively.  Therefore, in the PTR, the 
drift-diffusion equation becomes 
  ⃑  ( ⃑)       ( ⃑)       ⃑  ( ⃑)  
    
 
 ⃑  ( ⃑) 2.13 
for electrons, and for holes it becomes 
  ⃑  ( ⃑)      ( ⃑)        ⃑  ( ⃑)  
     
 
 ⃑  ( ⃑)  2.14 
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The continuity equation becomes 
  ⃑   ⃑  ( ⃑)    [  ( ⃑)    ( ⃑)] 2.15 
for electrons, and for holes it becomes 
  ⃑   ⃑  ( ⃑)   [  ( ⃑)    ( ⃑)]  2.16 
The boundary condition at  ⃑   ⃑  is, again, defined by surface recombination.  The 
surface recombination of electrons at  ⃑   ⃑  is 
  ⃑  ( ⃑ )    ⃑ [  ( ⃑ )     ( ⃑ )]    ⃑    ( ⃑ ), 2.17 
while the surface recombination of holes at  ⃑   ⃑  is 
  ⃑  ( ⃑ )     ⃑ [  ( ⃑ )     ( ⃑ )]     ⃑    ( ⃑ ), 2.18 
where    ( ⃑) and    ( ⃑) are the equilibrium electron and hole concentrations in the 
PTR.  The boundary condition between the PTR and the SCR  ⃑   ⃑  is defined by  
   ( ⃑ )  ( ⃑ )    
    (   ) 2.19 
2.6 Majority-carrier concentrations in the quasi-neutral regions 
At this point in the analysis, it is convenient to introduce an approximation that is 
made in many texts 
1-8
 on the device physics of photovoltaic junctions known as the “low 
injection limit”.  The low injection limit is based on the assumption that typical doping 
concentrations in the quasi-neutral regions are so high, that even under operating 
conditions of the photovoltaic junction, the concentration of majority charge carriers in 
16 
 
the quasi-neutral regions remain approximately constant 
1-8
.  With this approximation, 
there can be no diffusion component of the majority-carrier current in the quasi-neutral 
regions, since there is no spatial dependence of a constant.  In the NTR, the concentration 
of majority-electrons is approximately equal to the density of donor atoms   , and in the 
PTR, the concentration of majority-holes is approximately equal to the density of 
acceptor atoms    
12
.  With the low injection approximation in the quasi-neutral regions, 
the equations governing transport in the NTR and PTR are summarized below. 
2.6.1 N-type region 
  ⃑  ( ⃑)              ⃑  ( ⃑) 2.20 
  ⃑  ( ⃑)      ( ⃑)        ⃑  ( ⃑)  
     
 
 ⃑  ( ⃑) 2.21 
  ⃑   ⃑  ( ⃑)    [  ( ⃑)    ( ⃑)] 2.22 
  ⃑   ⃑  ( ⃑)   [  ( ⃑)    ( ⃑)] 2.23 
  ⃑  ( ⃑ )    ⃑    ( ⃑ ) 2.24 
   ( ⃑ )        (   ) 2.25 
Combining the drift-diffusion and continuity equations yields: 
          
   ( ⃑)    ( ⃑)    ( ⃑) 2.26 
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      [ ⃑  ( ⃑)   ⃑  ( ⃑)    ( ⃑)  
   ( ⃑)]  
     
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.27 
In the quasi-neutral regions, because it is assumed that the fixed charge density is equal 
and opposite to the free charge carrier density, the Laplacian of the electric potential in 
the NTR is zero.  Because of this, equations 2.26, 2.27 are reduced to: 
          
   ( ⃑)    ( ⃑)    ( ⃑)    2.28 
       ⃑  ( ⃑)   ⃑  ( ⃑)  
     
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.29 
Therefore, under the low injection limit approximation, the important equations and 
boundary conditions (B.C.’s) defining transport in the NTR for a geometrically 
generalized photovoltaic junction are 
  ⃑  ( ⃑)              ⃑  ( ⃑) 2.30 
       ⃑  ( ⃑)   ⃑  ( ⃑)  
     
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.31 
B.C.’s  ⃑  ( ⃑   ⃑ )    ⃑    ( ⃑ ) 2.32 
   ( ⃑   ⃑ )        (   ) 2.33 
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2.6.2 P-type region 
  ⃑  ( ⃑)       ( ⃑)       ⃑  ( ⃑)  
    
 
 ⃑  ( ⃑) 2.34 
  ⃑  ( ⃑)              ⃑  ( ⃑) 2.35 
  ⃑   ⃑  ( ⃑)    [  ( ⃑)    ( ⃑)] 2.36 
  ⃑   ⃑  ( ⃑)   [  ( ⃑)    ( ⃑)] 2.37 
  ⃑  ( ⃑ )    ⃑    ( ⃑ ) 2.38 
   ( ⃑ )        (   ) 2.39 
Combining the drift-diffusion and continuity equations yields: 
     [ ⃑  ( ⃑)   ⃑  ( ⃑)    ( ⃑)  
   ( ⃑)]  
    
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.40 
          
   ( ⃑)    ( ⃑)    ( ⃑) 2.41 
Again, in the quasi-neutral regions, it is assumed that       ( ⃑)       ( ⃑), therefore, the 
Laplacian of the electric potential in the PTR is zero.  Because of this, equations 2.36 and 
2.37 are reduced to: 
      ⃑  ( ⃑)   ⃑  ( ⃑)  
    
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.42 
          
   ( ⃑)    ( ⃑)    ( ⃑)    2.43 
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Therefore, under the low injection limit approximation, the important equations and 
boundary conditions (B.C.’s) defining transport in the PTR for a geometrically 
generalized photovoltaic junction are 
      ⃑  ( ⃑)   ⃑  ( ⃑)  
    
  
    ( ⃑)    ( ⃑)    ( ⃑) 2.44 
  ⃑  ( ⃑)              ⃑  ( ⃑) 2.45 
B.C.’s  ⃑  ( ⃑   ⃑ )    ⃑    ( ⃑ ) 2.46 
   ( ⃑   ⃑ )        (   ) 2.47 
 
2.6.3 Comments on the majority-carrier current in the quasi-neutral regions 
Here, we consider the consequence of combining the drift-diffusion and 
continuity equations for the majority charge carriers in the quasi-neutral regions.  
Combining the drift-diffusion and continuity equations together for majority charge 
carriers in the quasi-neutral regions yields no useful information, because it is assumed a 
priori that the Laplacian is zero in the quasi-neutral regions.  Therefore, the divergence of 
the majority-carrier drift-current is zero.  This result carries through for both quasi-
neutral regions, and more importantly, for all geometries of the junction considered in 
this analysis, as can be seen in the above geometrically generalized analysis.  Because 
they are assumed constant, the majority-carrier concentrations are not affected by the 
generation and recombination of electron-hole pairs in the quasi-neutral regions, which 
follows from the low injection limit approximation.   
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2.7 Poisson’s equation in the quasi-neutral regions 
In the quasi-neutral regions, the electric potential is defined by     ( ⃑)  
 ( ⃑     ⃑   ⃑   ) and Poisson’s equation reduces to Laplace’s equation  
    ( ⃑)   .  
The geometrical structures considered in this analysis are symmetrical planar, 
cylindrical/coaxial, and spherical geometries.  Here, “symmetrical” refers to the 
orientation of the photovoltaic junction in that particular geometrical configuration.  The 
solution to Laplace’s equations in the aforementioned geometries is solved below.   
2.7.1 Planar junction:     ( ⃑)     ( ) 
In Cartesian coordinates, Laplace’s equation for a planar junction becomes 
 
     ( )
   
   2.48 
and the solutions to the electric potential in the quasi-neutral regions for a planar junction 
are 
    ( )             2.49 
where   ,   ,   , and    are constants.  Based on the solution to the electric potential in 
the quasi-neutral regions for a planar junction, it is logical that the band profile in the 
quasi-neutral regions of a planar junction should have a linear spatial dependence.  The 
gradient of the electrical potential in the junction is related to the gradient of the energy 
bands in the junction by 
1, 2, 6, 8
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    ⃑   ( ⃑)   ⃑   ( ⃑)  
 
 
 ⃑   
   
  2.50 
Therefore, it is expected that the energy band profile should have approximately the same 
spatial dependence as the electric potential across the junction.   
 
Figure 2.3:  Band profile for a planar photovoltaic junction.  Based on the solution to Poisson’s equation in 
a planar geometry, the band profile should be linear in the quasi-neutral regions, just as the electric 
potential is    ( )             .  While the electric potential across the SCR has not been solved yet, it 
will be solved and discussed, in detail, later in the chapter.   
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2.7.2 Coaxial junction:     ( ⃑)     ( ) 
Laplace’s equation becomes 
 
 
 
 
  
[ 
    ( )
  
]    2.51 
or 
  
    ( )
  
      2.52 
 
Figure 2.4:  Approximate band profile proposed here for a cylindrically radial photovoltaic junction.  Based 
on the form for the electric potential of a cylindrically symmetric PV junction, the band profile should be 
logarithmic in the quasi-neutral regions, just as the electric potential is    ( )        (
 
  
)      .  The 
spatial dependence of the electric potential across the SCR for a cylindrically radial junction will be solved, 
in detail, later in the chapter.   
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and the solutions to the electric potential in the quasi-neutral regions for a cylindrical 
junction are 
    ( )        (
 
  
)        2.53 
Based on this solution, it is expected that the band profile in the quasi-neutral regions of a 
cylindrical junction should have a logarithmic form, as indicated in Figure 2.4. 
2.7.3 Spherical junction:     ( ⃑)     ( ) 
Laplace’s equation becomes 
 
 
  
 
  
[  
    ( )
  
]    2.54 
or 
   
    ( )
  
      2.55 
and the solutions to the electric potential in the quasi-neutral regions for a spherical 
junction are 
    ( )   
    
 
       2.56 
Next, the above equations are put together to examine how geometry of the junction 
affects the device physics in the quasi-neutral regions.   
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2.8 Planar junction device physics in the quasi-neutral regions;  ⃑  ( ⃑)   ⃑  ( ) 
2.8.1 N-type region 
In a planar geometry, the equations governing transport in the NTR become, 
  ⃑  ( )            
   ( )
  
  ̂ 2.57 
  ⃑  ( )  [    ( )      
   ( )
  
 
     
 
   ( )
  
]  ̂ 2.58 
 
     
( )
  
   [  ( ⃑)    ( ⃑)] 2.59 
 
     
( )
  
  [  ( ⃑)    ( ⃑)] 2.60 
Inserting the electric potential derived in the planar geometry from Section 2.7.1, the 
drift-diffusion equations in NTR become 
  ⃑                  ̂ 2.61 
  ⃑  ( )  [    ( )          
     
 
   ( )
  
]  ̂ 2.62 
which, by combining with the continuity equations, together, can be reduced to the set of 
equations 
           
   
  
   [  ( ⃑)    ( ⃑)]    2.63 
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   ( )
  
 
     
 
    ( )
   
  [  ( ⃑)    ( ⃑)] 2.64 
As mentioned in Section 2.6, the divergence of the majority-carrier drift-current is zero.  
With this, the pertinent equations and boundary conditions (B.C.’s) defining transport in 
the NTR for a planar junction are: 
  ⃑                  ̂ 2.65 
 
     
  
    ( )
   
         
   ( )
  
   ( ⃑)    ( ⃑) 2.66 
B.C.’s  ⃑  (    )        (  )  ̂ 2.67 
   (    )        (   ) 2.68 
2.8.2 P-type region 
The equations governing transport in the PTR can be analogously expressed as 
 
    
  
    ( )
   
       
   ( )
  
   ( ⃑)    ( ⃑) 2.69 
  ⃑                   ̂ 2.70 
B.C.’s  ⃑  (    )        (  )  ̂ 2.71 
   (    )        (   ) 2.72 
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2.9 Coaxial junction device physics in the quasi-neutral regions;  ⃑  ( ⃑)   ⃑  (   ) 
2.9.1 N-type region 
In a coaxial geometry, assuming azimuthal symmetry, the equations governing 
transport in the NTR become as follows, 
  ⃑  ( )            
   ( )
  
  ̂ 2.73 
  ⃑  (   )  [    (   )     
   ( )
  
 
    
 
   (   )
  
]  ̂  
    
 
   (   )
  
  ̂ 2.74 
 
     
( )
  
 
    
( )
 
   [  ( ⃑)    ( ⃑)] 2.75 
 
     
(   )
  
 
    
(   )
 
 
     
(   )
  
  [  ( ⃑)    ( ⃑)] 2.76 
Upon inserting the expression for the electric potential for a cylindrical geometry into 
these equations, the drift-diffusion equations in the coaxial junction are reduced to 
  ⃑  ( )            
  
 
  ̂ 2.77 
  ⃑  (   )  [    (   )      
  
 
 
     
 
   (   )
  
]  ̂  
     
 
   (   )
  
  ̂ 2.78 
Now, by combining the drift-diffusion and continuity equations, the equations governing 
transport in the NTR for a coaxial junction become 
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   [  ( ⃑)    ( ⃑)]    2.79 
 
    
  
    (   )
   
 [
 
  
   ]
    
 
   (   )
  
 
    
  
    (   )
   
   ( ⃑)    ( ⃑) 2.80 
As was the case with the planar geometry, because the majority-carrier concentrations are 
constant, the divergence of majority-carrier drift-current is zero in the quasi-neutral 
regions for the coaxial junction as well.  Therefore, the pertinent equations for transport 
in the NTR for a coaxial junction are 
  ⃑  ( )            
  
 
  ̂ 2.81 
 
     
  
    (   )
   
 [
 
  
   ]
     
 
   (   )
  
 
     
  
    (   )
   
   ( ⃑)    ( ⃑) 
2.82 
B.C.’s  ⃑  (      )        (    )  ̂ 2.83 
   (      )        (   ) 2.84 
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2.9.2 P-type region 
Likewise, the equations governing transport in the PTR can be analogously 
expressed as 
 
    
  
    (   )
   
 [
 
  
   ]
    
 
   (   )
  
 
    
  
    (   )
   
   ( ⃑)    ( ⃑) 
2.85 
  ⃑  ( )             
  
 
  ̂ 2.86 
B.C.’s  ⃑  (      )        (    )  ̂ 2.87 
   (      )        (   ) 2.88 
 
2.10 Hemispherically radial junction device physics in the quasi-neutral regions; 
 ⃑  ( ⃑)   ⃑  (   ) 
2.10.1 N-type region 
In a hemispherical geometry, assuming azimuthal symmetry, the equations 
governing transport in the NTR become, 
  ⃑  ( )            
   ( )
  
  ̂ 2.89 
  ⃑  (   )  [    (   )      
   ( )
  
 
    
 
   (   )
  
 ]  ̂  
    
 
 
 
   (   )
  
  ̂ 2.90 
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( )
  
 
 
 
    
( )    [  ( ⃑)    ( ⃑)] 2.91 
 
     
(   )
  
 
 
 
    
(   )  
 
 
     
(   )
  
 
   ( )
 
    
(   )   [  ( ⃑)    ( ⃑)] 2.92 
Upon inserting the expression for the electric potential for a spherical geometry into these 
equations, the drift-diffusion equations in the hemispherical junction are reduced to 
  ⃑  ( )            
  
  
  ̂ 2.93 
  ⃑  (   )  [    (   )      
  
  
 
     
 
   (   )
  
 ]  ̂  
     
 
 
 
   (   )
  
  ̂ 2.94 
Now, by combining the drift-diffusion and continuity equations, the equations governing 
transport in the NTR for a hemispherical junction become 
            
  
  
            
  
  
   [  ( ⃑)    ( ⃑)]    2.95 
 
     
  
    (   )
   
 [
 
  
 
  
 
]
     
 
   (   )
  
 
     
  
[
 
  
    (   )
   
 
   ( )
  
   (   )
  
]    ( ⃑)    ( ⃑) 
2.96 
As with the planar and coaxial geometries, because the majority-carrier concentrations 
are constant in the quasi-neutral regions, there is no divergence of the majority-carrier 
drift-current in the quasi-neutral regions.  The pertinent equations for transport in the 
NTR for a hemispherically radial junction are 
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  ⃑  ( )            
  
  
  ̂ 2.97 
 
    
  
    (   )
   
 [
 
  
 
  
 
]
    
 
   (   )
  
 
    
  
[
 
  
    (   )
   
 
   ( )
  
   (   )
  
]    ( ⃑)    ( ⃑) 
2.98 
B.C.’s  ⃑  (      )        (    )  ̂ 2.99 
   (      )        (   ) 2.100 
 
2.10.2 P-type region 
Likewise, the equations governing transport in the PTR can be analogously 
expressed as 
 
    
  
    (   )
   
 [
 
  
 
  
 
]
    
 
   (   )
  
 
    
  
[
 
  
    (   )
   
 
   ( )
  
   (   )
  
]    ( ⃑)    ( ⃑) 
2.101 
  ⃑  ( )             
  
  
  ̂ 2.102 
B.C.’s  ⃑  (      )        (    )  ̂ 2.103 
   (      )        (   ) 2.104 
31 
 
2.11 Comments on the current and flat band profiles in the quasi-neutral regions 
We summarize here some of the results obtained for transport in the quasi-neutral 
regions based on the different junction geometries considered.  The first result is that for 
the planar junction, there is no spatial dependence in the expression for majority-carrier 
drift-current in the quasi-neutral regions.  This changes as the geometry of the junction 
moves to the coaxial and hemispherical cases, where the spatial dependence of the 
majority-carrier drift-current becomes proportional to 
 
 
 and 
 
  
, respectively.  As the 
junction changes from planar to non-planar geometries, this seemingly subtle point may 
have large consequences on how strongly dependent the total current in the quasi-neutral 
regions is on minority carrier diffusion current, as compared to majority carrier drift 
current.  This consequence may be evident for non-planar photovoltaic junctions in the 
limit where the radial spatial features are small compared to other material properties 
governing current in the quasi-neutral regions, thereby amplifying the dependence on 
drift-current in the quasi-neutral regions for both majority and minority carriers.  In future 
work, one could expand upon the analytical work presented here, to numerically solve for 
the electric potential   throughout any symmetrical non-planar photovoltaic junction, to 
address these effects of drift in the quasi-neutral regions of non-planar junctions.  As 
discussed further in Chapters 4-6, for the simulations performed in this work, the quasi-
neutral regions are of less interest than the SCR, and therefore, the effects of drift in the 
quasi-neutral regions are not further explored here.  Based on the analysis here, the only 
way that current in the quasi-neutral regions can be dominated by minority-carrier 
diffusion is if the constants    and    are approximately zero.  For all geometries 
considered in this analysis, the constants    and    are directly related to the electric field 
32 
 
in the quasi-neutral regions, which in turn is directly related to the applied bias to the 
junction.  Only for       , and thus, when the electric field from the applied bias is 
negligible, does the flat energy band profile in the quasi-neutral regions, that is often used 
for planar junctions, apply to non-planar junctions.  To reiterate:   
1. Planar junction:     ( )              therefore, for       ,           
2.  Coaxial junction:     ( )         (
 
  
)        therefore, for       ,         .  
3.  Hemispherical junction:     ( )   
    
 
       therefore, for       ,           
 
Figure 2.5:  Proposed geometrically generalized band profile for a generic photovoltaic junction with flat 
energy bands in the quasi-neutral regions.  For        in the quasi-neutral regions, this band profile can be 
applied to any symmetric photovoltaic junction.    
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Hence, for all geometries considered here,      constant, in this limit.  However, 
without full 3D numerical simulations of the energy band profiles for non-planar 
photovoltaic junctions, it is difficult to confirm the legitimacy of approximating the 
energy bands to be flat in the quasi-neutral regions for all geometries that a symmetric 
junction may take.  However, because the quasi-neutral regions are of less concern than 
the SCR for this analysis, flat energy bands are approximated in the quasi-neutral regions 
here.  With this approximation,    and   , and therefore the equations for each 
architecture, are further reduced.   
2.11.1 Planar junction with flat energy band profiles in the quasi-neutral regions 
 For the planar geometry, when       , the conventional equations describing 
transport in the quasi-neutral regions are recovered.  That is, the second order, linear, 
non-homogeneous differential equations governing transport are recovered 
1, 2, 6, 8
.  In the 
NTR, these are 
 
     
  
    ( )
   
   ( ⃑)    ( ⃑) 2.105 
B.C.’s  ⃑  (    )        (  )  ̂ 2.106 
   (    )        (   ) 2.107 
and in the PTR, these are 
 
    
  
    ( )
   
   ( ⃑)    ( ⃑) 2.108 
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B.C.’s  ⃑  (    )        (  )  ̂ 2.109 
   (    )        (   )  2.110 
 
2.11.2 Coaxial junction with flat energy band profiles in the quasi-neutral regions 
 For the coaxial junction, new equations defining transport are revealed.  Now, in 
the quasi-neutral regions, we have second order, partial, non-linear, non-homogenous 
differential equations defining transport.  It should be pointed out that the non-linear 
aspect of the differential equations in the quasi-neutral regions of cylindrical junction has 
been specified before 
24
.  In the NTR, the equations become 
 
    
  
[
    (   )
   
 
 
 
   (   )
  
]  
    
  
    (   )
   
   ( ⃑)    ( ⃑) 2.111 
B.C.’s  ⃑  (      )        (    )  ̂ 2.112 
   (      )        (   ) 2.113 
while in the PTR, the equations become 
 
    
  
[
    (   )
   
 
 
 
   (   )
  
]  
    
  
    (   )
   
   ( ⃑)    ( ⃑) 2.114 
B.C.’s  ⃑  (      )        (    )  ̂ 2.115 
   (      )        (   ) 2.116 
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2.11.3 Hemispherical junction with flat energy band profiles in the quasi-neutral 
regions 
 For the hemispherical structure, in the NTR, the equations governing transport 
become 
 
    
  
[
    (   )
   
 
 
 
   (   )
  
]  
    
  
[
 
  
    (   )
   
 
   ( )
  
   (   )
  
]
   ( ⃑)    ( ⃑) 
2.117 
B.C.’s  ⃑  (      )        (    )  ̂ 2.118 
   (      )        (   ) 2.119 
while in the PTR, the equations governing transport become 
 
    
  
[
    (   )
   
 
 
 
   (   )
  
]  
    
  
[
 
  
    (   )
   
 
   ( )
  
   (   )
  
]
   ( ⃑)    ( ⃑) 
2.120 
B.C.’s  ⃑  (      )        (    )  ̂ 2.121 
   (      )        (   ) 2.122 
With the above equations governing transport in the quasi-neutral regions 
established, we now address the geometrical effects on the band profile in the SCR of the 
junction.   
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2.12 Transport in the space-charge region;    ( ⃑)   ( ⃑   ⃑   ⃑ ) 
In the space-charge region, Poisson’s equation reduces to      ( ⃑)  
 
 
[      ], 
with         [     ].  The depletion region of a crystalline junction can be broken 
up into regions on the P-type and N-type sides, with    and    defining the fixed charge 
densities on either side of the depletion region, respectively.  On the P-type side of the 
depletion region, the electric potential is defined by     ( ⃑)   ( ⃑   ⃑   ⃑ ) (see 
Figure 2.1), while on the N-type side of the depletion region, the electric potential is 
defined     ( ⃑)   ( ⃑   ⃑   ⃑ ) (see Figure 2.1).  The boundary conditions for the 
depletion region require that the electric field vanish at  ⃑   ⃑  and  ⃑   ⃑  because of the 
flat band approximation in the quasi-neutral regions, and that both the electric potential 
and its deriviative be continuous at the charge neutral location in the SCR.  In addition, in 
order that no current flow in equilibrium, charge must be conserved across the thickness 
of the depletion region.   
2.12.1  Planar junction 
For a one-dimensional, planar p-n junction, where  ( ⃑)   ( ), the general 
solution for the electric potential becomes 
    ( )  
      
  
           2.123 
which is where the quadratic spatial dependence of the electric potential in the depletion 
region comes from for the planar p-n junction (refer to Figure 2.4).  On the P-type side of 
the depletion region, the solution to Poisson’s equation is 
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     ( )   
   
  
          2.124 
which can be equally expressed as 
     ( )   
   
  
[  
 
   
  ]
 
    
 
    
  
  2.125 
and for the N-type side of the depletion region, the solution to Poisson’s equation is 
 
    ( )  
   
  
         
 
   
  
[  
 
   
  ]
 
    
 
    
  
   
2.126 
Note the constants   ,   ,   , and    are generic constants; they are not the same physical 
constants referred to in the analysis done for the quasi-neutral regions.  With the 
derivatives of each potential going to zero at the edges of the depletion region, the 
constants    and    become,    
   
 
   and     
   
 
  .  With this, the electric 
potential on the P-type side of the depletion region can be expressed as 
     ( )   
   
  
[    ]
     
   
  
  
  2.127 
and the electric potential on the N-type side of the depletion region can be expressed as 
     ( )  
   
  
[    ]
     
   
  
  
  2.128 
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The remaining constants,    and   , can be solved for by specifying the value of potential 
on the P-type side of the depletion region to be         at   , and the potential on the N-
type side of the depletion region at    to be zero, such that          (  )   (  ).  
With these boundary conditions, the typical expressions for electric potentials are 
recovered 
1-8
 and are shown to be 
     ( )   
   
  
[    ]
  [       ] 2.129 
and 
     ( )  
   
  
[    ]
  2.130 
Unfortunately, because the origin for the coordinate system of the junction is not defined 
at the charge-neutral location within the depletion region    here, these expressions yield 
no useful information.  Useful information about the relative thicknesses of the depletion 
region,       and      , is found from the condition that the potentials are continuous 
at the charge neutral location within the depletion region   .  By equating the two 
potentials at   , we have 
  
   
  
[     ]
  [       ]  
   
  
[     ]
  2.131 
which simply yields one equation for two unknowns.  The remaining equation which will 
give the relative thicknesses is conservation of charge across the SCR, which, for the 
planar junction is 
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   [     ]    [     ] 2.132 
The combination of both equations yields the thickness of the P-type side of the depletion 
region       and the thickness of the N-type side of the depletion region      .   
2.12.2  Cylindrically radial junctions 
For a cylindrically radial p-n junction, where  ( ⃑)   ( ) in the SCR, Poisson’s 
equation becomes 
22-24, 75-77
 
      ( ⃑)  
 
 
 
  
[ 
  ( )
  
]  
      
 
 2.133 
which has a general solution of 
    ( )  
      
  
       ( )      2.134 
The solution to Poisson’s equation on the P-type side of the depletion region is 
  (       )      ( )   
   
  
       ( )     2.135 
and the solution to Poisson’s equation on the N-type side of the depletion region is 
  (       )      ( )  
   
  
       ( )      2.136 
The derivatives of each potential vanishing at the edges of the depletion region give the 
constants,    
   
  
  
  and     
   
  
  
 .  By again specifying the value of the electric 
potential on the P-type side of the depletion region to be         at   , and the potential 
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on the N-type side of the depletion region at    to be zero, such that          (  )  
 (  ), the constants    and    become 
    [       ]  
   
  
  
 [      (  )] 2.137 
and 
    
   
  
  
 [    (  )   ] 2.138 
yielding expressions for the electric potentials 
 
    ( )   
   
  
   [
   
  
  
 ]   ( )  [       ]
 
   
  
  
 [      (  )] 
2.139 
and 
     ( )  
   
  
   [
   
  
  
 ]   ( )  
   
  
  
 [    (  )   ]  2.140 
Equating the two potentials at    gives 
 
 
  
[     
       
 ]   (  )  [       ]  
   
  
  
 [      (  )]
 
 
  
[     ]   
  
   
  
  
 [    (  )   ] 
2.141 
while charge conservation across the SCR for the cylindrically radial junction is 
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   [  
    
 ]    [  
    
 ] 2.142 
For the cylindrially radial junction, there is no simple analytical method for determining 
the thicknesses of the depletion regions       and      .   
2.12.3  Spherically radial junction 
For a spherically radial p-n junction, where  ( ⃑)   ( ) in the SCR, Poisson’s 
equation becomes 
75-77
 
      ( ⃑)  
 
  
 
  
[  
  ( )
  
]  
      
 
 2.143 
which has a general solution of 
    ( )  
      
  
   
  
 
     2.144 
The solution to Poisson’s equation on the P-type side of the depletion region is 
  (       )      ( )   
   
  
   
  
 
    2.145 
and the solution to Poisson’s equation on the N-type side of the depletion region is 
  (       )      ( )  
   
  
   
  
 
     2.146 
The derivatives of each potential going to zero at the edges of the depletion region give 
the constants,    
   
  
  
  and     
   
  
  
 .  Specifying the value of potential on the 
P-type side of the depletion region to be         at    and the potential on the N-type 
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side of the depletion region at    to be zero, such that          (  )   (  ), gives 
the constants,    [       ]  
   
  
  
  and     
   
  
  
 , yielding expressions for the 
electric potentials 
     ( )  
   
  
[   
    ]  [
   
  
  
 ]
 
 
 [       ] 2.147 
and 
     ( )  
   
  
[      
 ]  [
   
  
  
 ]
 
 
  2.148 
Equating the two potentials at    gives 
 
   
  
[   
    
 ]  [
   
  
  
 ]
 
  
 [       ]  
   
  
[  
     
 ]  [
   
  
  
 ]
 
  
 2.149 
while charge conservation across the SCR for the hemispherically radial junction is 
   [  
    
 ]    [  
    
 ]  2.150 
The combination of both equations yields the thickness of the P-type side of the depletion 
region       and the thickness of the N-type side of the depletion region      .   
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Chapter summary 
 We have shown that by starting from geometrically generalized forms of the three 
fundamental equations used to describe transport for a photovoltaic junction, the 
equations derived in one-dimension in texts on the physics of solar cells 
1-8
 can be 
reproduced by simply applying the junction to be aligned along one spatial direction.  
This result, however, was already intuitively known when the one-dimensional forms of 
the equations used in these texts were derived.  New equations that deviate from the 
forms derived for the planar junction arise when considering junctions established 
symmetrically along two (cylindrically coaxial) or even three (spherically radial) spatial 
directions.  These equations must now be solved to detail how the current of the junction 
changes with the geometry of the junction.  While the remainder of the work in this 
analysis will focus on current and spatial dependency of the band profile in the SCR, 
future work for crystalline junctions could follow based on the analysis described in this 
chapter for the quasi-neutral regions.  Full 3D simulations are needed to detail the level of 
spatial dependence of the band profile for non-planar structures, to determine the extent 
to which the approximation of        inside the quasi-neutral regions is valid.  
Furthermore, solving the partial differential equations governing transport in the quasi-
neutral regions is needed to determine the current contribution from the dopant regions to 
the total current of the junction.   
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Chapter 3 – Total current 
Introduction 
The fundamental principle used to arrive at an expression for total current of a 
photovoltaic junction is conservation of (hole and electron)-current 
1-11
.  From 
conservation of current, not only can the result for total current of the planar junction be 
recovered, but expressions for total current of symmetric, non-planar junctions are shown 
to be analogous to the expression derived for the planar junction.  To remove any 
geometric aspect from the expression, total current is derived in this analysis in terms of 
generalized coordinates         , which will be defined in the next section of this 
chapter.   
 
Figure 3.1 Schematic of a p-n homojunction established symmetrically along generalized coordinate axis 
  .    
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3.1 Conservation of current 
 Before considering conservation of current, it is necessary to locate the 
appropriate positions along the junction to sum (electron and hole)-currents that are 
conducive to yielding an expression for total current of the junction.  The appropriate 
positions along the junction are locations that share the most information about the 
different means of transport in each spatially-unique region of the junction.  That is, 
because transport is dominated by diffusion in the quasi-neutral regions, and by drift in 
the SCR, appropriate positions to sum electron- and hole-currents along the junction are 
where the quasi-neutral regions and the SCR meet, i.e. at       and        
1-11
; either 
location is equally appropriate.  In generalized coordinates, conservation of current for a 
symmetric photovoltaic junction aligned along coordinate axis   , at location      , is 
     (        )    (        ). 3.1 
Here, it should be pointed out that the position vector  ⃑ is defined in terms of generalized 
coordinates          such that 
  ⃑     ̂     ̂     ̂ , 3.2 
where  ̂   ̂   ̂  define the unit vectors corresponding to each generalized coordinate.  
Because the junction is established symmetrically along    (see Figure 3.1), the position 
vectors at       and       are  ⃑  (        ) and  ⃑  (        ), respectively.  
Therefore, conservation of current can be equally expressed as 
     ( ⃑ )    ( ⃑ )  3.3 
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Because current in the junction is being summed at      , it is advantageous to refer to 
what is known about charge transport in the regions connected by the coordinate  ⃑  
(        ) based on the discussion in Chapter 2 about the spatial dependence of the 
energy band profiles in each region of the junction.  Inside the PTR, it is assumed that 
current is dominated by diffusion of minority-electrons (due to the assumption of flat 
energy bands within the quasi-neutral regions).  The drift-diffusion and continuity 
equations can be combined to determine the current (diffusion of minority electron-
carriers) in the PTR.  By evaluating the current in the PTR at  ⃑   ⃑ , this gives enough 
information to determine   ( ⃑ ) in equation 3.3.  By the same analogy, the hole-current in 
the NTR can be determined and evaluated up to the coordinate  ⃑   ⃑ .  The problem 
remaining is how to determine the hole-current   ( ⃑ ) at  ⃑   ⃑ , to evaluate the entire 
expression for conservation of current in equation 3.3.   
3.2 Continuity of current density across the SCR  
The task of connecting the hole-current at  ⃑   ⃑  to the hole-current  ⃑   ⃑  (and 
likewise for connecting the electron-current at  ⃑   ⃑  to the electron-current at  ⃑   ⃑ ) is 
done by considering charge carrier continuity across the SCR.  Because the electron-
current term   ( ⃑ ) in equation 3.3 can be determined directly from the current in the 
PTR, only the hole-continuity equation is needed across the SCR.  However, it should be 
pointed out that by considering current conservation at  ⃑   ⃑ , electron-continuity across 
the SCR would be needed instead.  The steady-state hole-continuity equation across the 
SCR is 
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  ⃑   ⃑   ( ⃑)      ( ⃑)      ( ⃑) 3.4 
where  ⃑   ( ⃑) is the current density of holes across the SCR.  In generalized coordinates, 
the current density vector is defined by 
  ⃑   ( ⃑)        
( ⃑)  ̂        
( ⃑)  ̂        
( ⃑)  ̂  3.5 
and the divergence of the current density is 
 
 ⃑   ⃑   ( ⃑)  
 
  ( ⃑)  ( ⃑)  ( ⃑)
[
 
   
[  ( ⃑)  ( ⃑)       
( ⃑)]
 
 
   
[  ( ⃑)  ( ⃑)       
( ⃑)]  
 
   
[  ( ⃑)  ( ⃑)       
(   ⃑)]] 
3.6 
For symmetric photovoltaic junctions, only one spatial projection of the current density 
will contribute to the divergence of carriers, as current inside the SCR will only flow 
along the one spatial projection of the photovoltaic junction, adhering to the established 
direction of the built-in electric field.  With this symmetry, inside the SCR, the continuity 
equation reduces to 
 
 
  ( ⃑)  ( ⃑)  ( ⃑)
 
 
   
[  ( ⃑)  ( ⃑)       
( ⃑)]   [   ( ⃑)     ( ⃑)] 3.7 
To isolate the projection of the current density along the spatial direction   , we let 
       
( ⃑)    ( ⃑)  ( ⃑)       
( ⃑) 3.8 
and the continuity equation becomes 
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( ⃑)
   
     ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)     ( ⃑)] 3.9 
Therefore,       
( ⃑) can be solved for by integrating both sides with respect to    
 ∫        
( ⃑)
  
  
  ∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)     ( ⃑)]    
  
  
 3.10 
which evaluates to be 
 
      
(        )        
(        )
  ∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)     ( ⃑)]    
  
  
 
3.11 
or, in terms of the current density 
 
  ( ⃑ )  ( ⃑ )       
( ⃑ )    ( ⃑ )  ( ⃑ )       
( ⃑ )
  ∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)     ( ⃑)]    
  
  
 
3.12 
Solving for       
( ⃑ ), we arrive at the geometrically generalized form for the hole-
current density at  ⃑   ⃑  
 
      
( ⃑ )  
  ( ⃑ )  ( ⃑ )
  ( ⃑ )  ( ⃑ )
       
( ⃑ )
 
 
  ( ⃑ )  ( ⃑ )
∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)     ( ⃑)]    
  
  
 
3.13 
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The vector quantity of the hole-current density in the SCR, by definition of the symmetry 
of the junction, is 
  ⃑   ( ⃑ )        
( ⃑ )  ̂  3.14 
3.3 Total current of the junction 
In terms of the current density, conservation of current (equation 3.3) is 
   ∫ ⃑ ( ⃑ )    ⃑( ⃑ )
 
 ∫ ⃑ ( ⃑ )    ⃑( ⃑ )
 
 3.15 
Inserting the expression for the current density of holes at  ⃑   ⃑  (equation 3.13) gives 
 
  ∫     
( ⃑ ) ̂    ⃑( ⃑ )
 
 ∫
  ( ⃑ )  ( ⃑ )
  ( ⃑ )  ( ⃑ )
     
( ⃑ )  ̂    ⃑( ⃑ )
 
  ∫ [
 
  ( ⃑ )  ( ⃑ )
∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)
  
   
    ( ⃑)]    ]  ̂    ⃑( ⃑ ) 
3.16 
For current conserved at  ⃑   ⃑ , the equation governing total current of the junction 
works out to be 
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  ∫     
( ⃑ ) [ ̂    ⃑( ⃑ )]
 
 ∫
  ( ⃑ )  ( ⃑ )
  ( ⃑ )  ( ⃑ )
     
( ⃑ ) [ ̂    ⃑( ⃑ )]
 
  ∫ [
 
  ( ⃑ )  ( ⃑ )
∫   ( ⃑)  ( ⃑)  ( ⃑) [   ( ⃑)
  
   
    ( ⃑)]    ] [ ̂    ⃑( ⃑ )] 
3.17 
Both geometrically generalized expressions (equations 3.16 and 3.17) for current 
conservation yield exactly the same expressions for total current of the junction when 
applied to a particular geometric orientation of the junction.  To see how the generalized 
form for conservation of current is applied to a photovoltaic junction, it is applied to 
planar, cylindrical, and spherically symmetric photovoltaic junctions.   
3.4 Planar junction current 
For a one-dimensional planar junction: 
1)      
Therefore, by cyclic permutations, 
2)      
3)      
4)   ( ⃑)    ( ⃑)    ( ⃑)    
5)  ̂   ̂ 
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Therefore, the expression for total current becomes 
 
  ∫    
(      )  ̂    ⃑(      )
 
 ∫   (      )  ̂    ⃑(      )
 
  ∫ [∫ [   ( ⃑)     ( ⃑)]   
  
  
]  ̂    ⃑(      )
 
 
3.18 
or, with   ⃑(      )        ̂, 
 
  ∫    
(      )     
 
 ∫   (      )     
 
  ∫ ∫ [   ( ⃑)     ( ⃑)]   
  
  
    
 
 
3.19 
which can be expressed in much simpler notation as 
      
(  )     (  )       3.20 
with 
    
(  )  ∫    
(      )     
 
 3.21 
    (  )  ∫   (      )     
 
 3.22 
       ∫ ∫ [   ( ⃑)     ( ⃑)]   
  
  
    
 
  3.23 
The connection with the quasi-neutral regions is that in order to evaluate the expression 
for total current, the components    
(      ) and    (      ) must be determined, which 
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are found from solving the transport equations defined in the NTR and PTR, respectively.  
The current density of holes at  ⃑   ⃑ ,    
(      ), is determined by the current density 
of holes in the NTR, evaluated at  ⃑   ⃑ ; i.e.    
(      )      
(      ), because 
    
( )     
(       ).  Likewise, at  ⃑   ⃑ , the current density of electrons 
   (      ) is determined by the current density of electrons in the PTR, evaluated at   ; 
i.e.    (      )      
(      ), because     
( )     (       ).  For the planar 
junction, the plane perpendicular to transport is constant across the junction, and 
therefore, can arbitrarily be factored from the expression for conservation of current, 
yielding an expression for total current density of the junction.  The equations governing 
transport for a planar junction are  
       
(  )      
(  )       3.24 
with 
     
(  )      
(  )∫     
 
 3.25 
     
(  )      
(  )∫     
 
 3.26 
       ∫ ∫ [   ( ⃑)     ( ⃑)]   
  
  
    
 
  3.27 
Note, expressions for generation and recombination in all three regions are defined in 
Chapter 4.  The equations produced here, governing transport for planar junctions, are the 
same equations derived from one-dimensional analysis of the PV junction in previous 
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references 
1-11
.  Hence, the transport equations produced in this geometrically generalized 
analysis are able to recover the previously derived equations for a one-dimensional solar 
cell.   
3.5 Cylindrically radial junction current 
For a cylindrically radial junction: 
1)      
Therefore, by cyclic permutations, 
2)      
3)      
4)   ( ⃑)    ( ⃑)    
5)   ( ⃑)    
6)   ( ⃑ )    (      )     
7)   ( ⃑ )    (      )     
8)  ̂   ̂ 
Therefore, the expression for total current becomes 
57 
 
 
  
  
  
∫     
(      )  ̂    ⃑(      )
 
 ∫    (      )  ̂    ⃑(      )
 
 
 
  
∫ [∫   [   ( ⃑)     ( ⃑)]   
  
  
]  ̂    ⃑(      )
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or, with   ⃑(      )            ̂, 
 
    ∫     
(      )      
 
   ∫    (      )      
 
  ∫ ∫   [   ( ⃑)     ( ⃑)]   
  
  
    
 
 
3.29 
which can be expressed as 
      
(  )     (  )       3.30 
with 
    
(  )    ∫     
(      )      
 
 3.31 
    (  )    ∫    (      )      
 
 3.32 
       ∫ ∫   [   ( ⃑)     ( ⃑)]   
  
  
    
 
  3.33 
Again, as in the case for the planar junction, the components    
(      ) and 
   (      ) must be determined.  At  ⃑   ⃑ ,    
(      )      
(      ), because 
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(   )     
(         ).  Likewise, at  ⃑   ⃑ ,    (      )      
(      ), 
because     
(   )     (         ).  However, in contrast to the planar junction, 
the plane perpendicular to transport is not constant across a cylindrically radial junction, 
and current density is therefore not conserved across the junction.  However, the current 
density is assumed to be azimuthally symmetric, i.e. independent of  , because the 
junction is established symmetrically along the radial direction of the cylinder.  With this, 
the equations governing transport for a cylindrically radial junction are 
       
(  )      
(  )       3.34 
with 
     
(  )      ∫     
(    )   
 
 
 3.35 
     
(  )      ∫     
(    )   
 
 
 3.36 
       ∫ ∫ ∫   [   ( ⃑)     ( ⃑)]   
  
  
  
  
 
  
 
 
  3.37 
 
3.6 Hemispherically radial junction current 
For a hemispherically radial junction: 
1)      
Therefore, by cyclic permutations, 
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2)      
3)      
4)   ( ⃑)    
5)   ( ⃑)    
6)   ( ⃑)       ( ) 
7)   ( ⃑ )    (      )     
8)   ( ⃑ )    (      )     
9)   ( ⃑ )    (      )        ( ) 
10)   ( ⃑ )    (      )        ( ) 
11)  ̂   ̂ 
Therefore, the expression for total current becomes 
 
  
  
 
   
∫     
(      )  ̂    ⃑(      )
 
 ∫   (      )  ̂    ⃑(      )
 
 
 
   
∫ [∫    [   ( ⃑)     ( ⃑)]   
  
  
]  ̂    ⃑(      )
 
 
3.38 
or, with   ⃑(      )    
     ( )        ̂, 
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 ∫     
(      )    ( )      
 
   
 ∫   (      )    ( )      
 
  ∫ ∫ [   ( ⃑)     ( ⃑)]  
     ( )   
  
  
     
 
 
3.39 
which can be expressed as 
      
(  )     (  )       3.40 
with 
    
(  )    
 ∫     
(      )    ( )      
 
 3.41 
    (  )    
 ∫   (      )    ( )      
 
 3.42 
       ∫ ∫ [   ( ⃑)     ( ⃑)]  
     ( )   
  
  
     
 
  3.43 
Again, as in the cases for the planar and cylindrically radial junction, the components 
   
(      ) and    (      ) must be determined.  At  ⃑   ⃑ ,    
(      )  
    
(      ), because     
(   )     
(         ).  Likewise, at  ⃑   ⃑ , 
   (      )      
(      ), because     
(   )     (         ).  As was the case 
for the cylindrically radial junction, the plane perpendicular to transport is not constant 
across the spherically radial junction either, and current density is, therefore, not 
conserved across the junction.  However, again, the current density is assumed 
azimuthally symmetric, because the junction is established symmetrically along the radial 
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direction of the hemisphere.  It should be pointed out that the condition for azimuthal 
symmetry of the current density is also conditional upon the direction of incident light; 
this will be looked at more closely in Chapter 4.  With this, the equations governing 
transport for a cylindrically radial junction are 
       
(  )      
(  )       3.44 
with 
     
(  )      
 ∫     
(    )    ( )   
 
 
 
 3.45 
     
(  )      
 ∫     
(    )    ( )   
 
 
 
 3.46 
       ∫ ∫ ∫ [   ( ⃑)     ( ⃑)]  
     ( )   
  
  
  
 
 
 
  
  
 
  3.47 
 
3.7 Calculating the number of non-planar, periodic, nanostructured PV 
architectures in an array 
 The 2D lattice of an array of periodic nanostructured, non-planar PV junctions is 
shown below.  For this work, it is assumed that the 2D lattice is a hexagonal array, 
though other 2D lattice configurations (eg. square, honeycomb) are possible.  Because 
packing the nanostructures together as close as possible maximizes the area of 
photovoltaic material exposed to light, while minimizing the area of the array, the lattice 
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used in the calculation of total current of the array is a 2D hexagonal close-packed (hcp) 
lattice.   
 
Figure 5.11  (a) 2D hcp array of nanostructured photovoltaic cells.  (b) Top view of individual non-planar 
cell with relative thicknesses of each region indicated.   
A possible primitive cell for the 2D hexagonal lattice is a rhombus.  The length of each 
side of the rhombus (the magnitude of the primitive vectors) forms the pitch of the array.  
There is one nanostructured PV cell contained within one primitive cell.  Using primitive 
vectors to define the primitive cell,   
 ⃑     ̂  ⃑   
 
 
  ̂  
 √ 
 
  ̂  ⃑   ̂ 3.48 
where        .  The primitive vector lengths matches the pitch of lattice, 
√ ⃑   ⃑    √ ⃑   ⃑    3.49 
The area of the primitive cell is given by  
        ⃑  [ ⃑   ⃑ ] 3.50 
which, for the hexagonal array, is 
b. a. 
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  √ 
 
 3.51 
and for the 2D hcp array,        becomes 
           
 √   3.52 
For the 2D hcp periodic array, there is dead space between adjacent cells in which 
light is not absorbed by the semiconductor.  To make fair comparisons between planar 
solar cells and arrays of non-planar, nanostructured solar cells, the total area of input 
power is held constant for all structures.  For a standard input power of           , 
the area of input power must always be held fixed at        .   
 One possible way of fixing the area of input power is to fix the area of PV 
material that is exposed to light and allow the number of nanostructures in the array to 
change depending on the thickness of the junction and/or direction of incident light.  
Light incident from certain directions will increase the area of PV exposed to light while 
others will diminish it; this will be looked at in more detail in Chapter 5.  For light 
incident longitudinally onto the array (i.e. from the top), the area of photovoltaic material 
exposed to light is given by 
         [  
    
 ] 3.53 
where   is the number of nanostructured cells in the array.  The maximum amount of 
area in the array that the photovoltaic material can cover is limited to when the pitch is 
      .  The fraction of light exposure for this situation is 
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    [  
    
 ]
  √ 
 3.54 
The number of structures in the array for this situation is, then, given by 
   
   
  [       ]
  3.55 
For light incident radially onto a coaxial solar cell, the area of photovoltaic material 
exposed to light is 
               3.56 
and therefore the fraction of light exposure with respect to the area of the array is 
 
   
 
 
       
  √ 
 3.57 
and the number of nanocoaxial structures in the array will be given by 
   
   
       
  3.58 
For the scenario when light is incident from both the top and radially on the coaxial 
junction, the number of nanocoaxial structures in the array is given by 
   
   
          [       ]
  3.59 
For light incident on a coaxial junction at a particular angle  , the area of photovoltaic 
material exposed to light is 
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       [[      ]    ( )    [  
    
 ]    ( )]  3.60 
Lastly, for a hemispherical nanostructure, with light incident radially onto the cell, the 
number of hemispherical nanostructures in the array will be given by 
   
   
      
  3.61 
For any periodic array, the total current of the array is assumed to be given by the sum of 
all individual nanostructured PV cells in the array 
   ∑  
 
 
                   3.62 
 
Chapter summary 
It was our intent in this chapter to demonstrate the value of establishing an 
expression for total current that is independent of any preferred photovoltaic architecture.  
By also establishing a set of geometrically generalized transport equations to be used in 
sync with the likewise-derived expression for total current, any symmetric photovoltaic 
architecture can, in principle, be modeled analytically, provided that the band profile for 
the junction resembles that of Figure 2.5.   
 
 
66 
 
3.8 References 
3.1 
J. Nelson, The physics of solar cells (Imperial College Press; Distributed by World 
Scientific Pub. Co., River Edge, NJ, 2003). 
3.2 P. W rfel and  . W rfel, Physics of solar cells : from basic principles to advanced 
concepts (Wiley-VCH, Weinheim, 2009). 
3.3 
A. Luque and S. Hegedus, Handbook of photovoltaic science and engineering (Wiley, 
Chichester, West Sussex, U.K., 2011). 
3.4 
N. W. Ashcroft and N. D. Mermin, Solid state physics (Holt, New York,, 1976). 
3.5 
S. J. Fonash, Solar cell device physics (Academic Press/Elsevier, Burlington, MA, 
2010). 
3.6 
P. Hofmann, Solid state physics : an introduction (Wiley-VCH, Weinheim, 2008). 
3.7 
M. A. Green, Third generation photovoltaics : advanced solar energy conversion 
(Springer, Berlin; New York, 2006). 
3.8 
http://ecee.colorado.edu/~bart/book/book/contents.htm. 
3.9 
http://www.pveducation.org/pvcdrom. 
3.10 
M. Lundstrom, Fundamentals of carrier transport (Cambridge University Press, 
Cambridge, U.K.  2000). 
3.11 
D. A. Neamen, Semiconductor physics and devices : basic principles (McGraw-Hill, 
Boston, 2003). 
 
 
 
 
 
 
 
 
 
 
67 
 
Chapter 4 – Generation and Recombination 
It is the objective of this chapter to derive the geometrically generalized 
functional forms for the generation and recombination rates for charge carriers in non-
planar photovoltaic junctions.   
4.1 Introduction to charge carrier generation 
 
Figure 4.1 Creation of an electron-hole pair by absorption of a photon.   
 
Figure 4.1 illustrates the transition of an electron from the valence band to the 
conduction band following the absorption of a photon ( ) with energy   , where   is 
Planck’s constant and  /2 the frequency of light.   In this process, the semiconductor 
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absorbs the energy and momentum of the photon.  The process must conserve momentum 
and energy.  After the initial creation of the electron-hole pair, also known as an exciton, 
the pair quickly dissociate from thermal energy provided by the lattice and become free 
charge carriers.   
4.2 Photogeneration rate 
The energy-dependent optical absorption coefficient  ( ) expresses how light 
intensity is attenuated passing through a material.  The flow of photons in the material is 
found from the number of photons moving through the material per unit time.  The 
infinitesimal concentration of photons per unit energy     attenuating through the 
material is defined by the Beer-Lambert law 
1-7
 
    (  ⃑⃑⃑⃑ )     ( )    (  ⃑(  )    ⃑⃑⃑⃑ ) 4.1 
Multiplying the infinitesimal concentration of photons per unit energy by the speed at 
which the photons move in the material (  
  
 
) gives the infinitesimal photon current 
density (or flux)   ⃑  that attenuates in the absorber.  The direction of light is orientated 
along the direction of the incident wave vector  ̂; i.e.  ⃑     ̂ 
   ⃑ (   ⃑⃑⃑⃑⃑)     ( )    (  ⃑(  )    ⃑⃑⃑⃑ )  ̂ 4.2 
with 
7
 
 
  ⃑ ( )  
  
       
 
  
     
   (    )   
  ̂ 4.3 
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   [    ]
  ,     5800   (approximate surface temperature of the Sun), and 
     
   (from the geometrical configuration of the Earth-Sun system).  Therefore, the 
attenuated photon current density through an absorber is 
   ⃑ (  
 )    (  )    (  ⃑(  )    ⃑⃑⃑⃑ )      ̂      4.4 
with   (  ) defined by    ( )    (  )     
 
  (  )  
  
        
  
 
   (    )   
      4.5 
For a homogeneous medium, the rate at which the photon current density decreases in the 
material as a function of position must be equal and opposite to the rate at which charge 
carriers are generated in the material as a function of position.  This is defined by the 
continuity of photons in the absorber 
7
 
  
  
[   (   ⃑⃑⃑⃑ )]     (   ⃑⃑⃑⃑ )     (   ⃑⃑⃑⃑ )   ⃑    ⃑ (   ⃑⃑⃑⃑ ) 4.6 
Under steady-state conditions, the photon continuity equation becomes 
      (   ⃑⃑⃑⃑ )     (   ⃑⃑⃑⃑ )   ⃑    ⃑ (   ⃑⃑⃑⃑ ) 4.7 
Since photons are only lost as light attenuates in the absorber, the continuity equation 
reduces, physically, to 
    (   ⃑⃑⃑⃑ )    ⃑    ⃑ (   ⃑⃑⃑⃑ ) 4.8 
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Fundamentally, the rate at which photons are absorbed in the material must be the same 
as the rate that charge carriers are photogenerated, hence 
    (   ⃑⃑⃑⃑ )       (   ⃑⃑⃑⃑ ) 4.9 
With this, the infinitesimal generation rate per unit energy in the absorber is 
      (  ⃑⃑⃑⃑ )    ⃑    ⃑ (   ⃑⃑⃑⃑ ) 4.10 
The generation rate of charge carriers in the absorber over the spectrum of photon 
energies relevant for photovoltaics is defined by 
 
    (  ⃑⃑⃑⃑ )  ∫      (  ⃑⃑⃑⃑ )
    
 
 4.11 
with the lower limit defined by the minimum photon energy required for a photon to be 
absorbed (i.e. the band gap   of the semiconductor), and the upper limit      defined by 
the photon energy where, physically, the photovoltaic effect stops, and the photoelectric 
effect begins.  High frequency photons can potentially eject electrons from the material 
(photoelectric effect), meaning that only photon energies below the electron affinity of 
the material are considered here.  From equation 4.10, the total generation rate of charge 
carriers in an absorber is  
 
    (  ⃑⃑⃑⃑ )    ⃑  ∫   ⃑ (   ⃑⃑⃑⃑ )
    
 
 4.12 
Accounting for optical reflectance  (  ) that might occur at the front surface of the 
material, the total generation rate of charge carriers in an absorber is  
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    (  ⃑⃑⃑⃑ )    ⃑  ∫ [   (  )]   ⃑ (   ⃑⃑⃑⃑ )
    
 
 4.13 
or, in combination with equation 4.4, is  
 
    (  ⃑⃑⃑⃑ )    ⃑    ̂ ∫ [   (  )]   (  )    (  ⃑(  )    ⃑⃑⃑⃑ )    
    
 
 4.14 
Here, it is noted that, depending on the geometry of the photovoltaic junction and the 
direction of incident light, the generation rate may or may not have the usual one 
dimensional functional form: 
1-8
 
 
    (  )  ∫ [   (  )]  (  )   (  )    (  (  )   )    
    
 
 4.15 
4.2.1 Absorption coefficient 
Theoretical expressions for the functional form of the absorption coefficient are 
given in many references 
5, 6
; however, in practice these functions rarely fit the observed 
experimental results 
9-11
.  For direct band gap semiconductors, it can be shown that the 
absorption coefficient can take the possible functional forms 
5, 6
 
 
 (  )    [    ]
 
  4.16 
or 
 
 (  )  
  [    ]
 
 
  
 4.17 
72 
 
These functions do not fit experimentally measured absorption coefficients for a-Si used 
in this analysis. For modeling purposes, we have determined that empirical expressions, 
which fit the experimental data, are a more accurate way to proceed for simulating the 
performance of a-Si solar cells.  Experimentally measured absorption coefficient data for 
a-Si can be fit empirically by the function  
 
 (  )  
  [    ]
 
  
 4.18 
with the fitting parameters given by,       (not to be confused with   representing the 
symbol for a photon),            (the fit to the band gap of a-Si), and        
    
     
  
 (a constant for which the units vary according to the value of  ).  Note, the 
primary difference between the empirical expression for the absorption coefficient 
(equation 4.18) and the theoretically predicted behavior in equation 4.17 is the value of  .  
The absorption coefficients for doped and undoped a-Si were calculated using the real 
and imaginary parts of the indices of refraction, measured via ellipsometry by Solasta, 
Inc., 
12
 and calculated using the equation:  
 
 (  )  
    (  )
 (  )
 
     (  )  (  )
  
  4.20 
where  (  ) and  (  ) are the real and imaginary parts of the index of refraction, 
respectively.   
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Figure 4.2 Experimental absorption coefficient data 
12
. 
 
The measured absorption coefficients for intrinsic, P-type, and N-type a-Si, as 
well as intrinsic a-SiGe are shown in Figure 4.2.  There, it is seen that the measured 
absorption coefficients for doped and undoped silicon materials are relatively similar, 
with the largest difference being in the lower part of the photon energy range due to 
subtle differences in the band gap for each material.  The empirical fit to the measured 
absorption coefficient for intrinsic a-Si is plotted in Figure 4.3.  Equations 4.16 and 4.17 
are also displayed in Figure 4.3, to emphasize their deviation from the experimentally 
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determined absorption coefficient for a-Si.  The vertical line at 3.8 eV represents the 
value used for the electron affinity for intrinsic a-Si in this work 
1
.   
 
Figure 4.3 Comparison between experimental data for intrinsic a-Si and various fits to those data, with  
equation 4.18 providing the more accurate fit.   
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4.3 Introduction to recombination 
In this work, three types of electron-hole recombination will be discussed:  
radiative, trap, and Auger 
1-8, 13, 14
.  The equations established in the remainder of this 
chapter are necessary to calculate the recombination current of the junction, and will be 
utilized in Chapters 5 and 6 when the total current is applied to various architectures and 
simulated numerically.   
4.3.1 Radiative (band-to-band) recombination      
 In terms of the carrier concentrations n and p, the expression for radiative 
recombination is 
1-8
 
       [     
 ] 4.21 
where   is a proportionality constant 1-8,   and   are the concentration of free electrons 
and holes respectively, and    is the concentration of intrinsic carriers.  Because the band 
gap is considered to be uniform across the photovoltaic junction, radiative recombination 
is spatially-independent.   
4.3.2 Single-level trap (Shockley-Read-Hall) recombination       
In terms of the carrier concentrations, the expression for single-level trap 
recombination is 
1-8, 14
 
 
      
     
 
      [    ]         [    ]
 4.22 
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The concentrations of trap states are given by    and    
14
.  The values        and         
refer to the average lifetime of electrons and holes 
14
, respectively, for trap recombination 
to occur.    
4.3.3 Auger Recombination      
 The expression for Auger recombination is 
1-8
 
      [       ][     
 ] 4.23 
where    and    are proportionality constants 
1-8
.   
4.4 P-type region recombination 
The concentration of holes in the PTR is assumed constant and given by the 
number of acceptor atoms in the PTR; i.e.          .  By the law of mass action 
1-8
, 
the equilibrium concentration of electrons in the PTR is then     
  
 
   
.   
4.4.1 Radiative recombination;        [       
 ] 
Using the charge carrier concentrations defined in the PTR, the functional form 
for radiative recombination (equation 4.21) becomes 
            [      ]           4.24 
Letting 
 
      
      
 5, 6
, gives 
 
      
   
      
 4.25 
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4.4.2 Single-level trap recombination;        
       
 
       [     ]        [     ]
 
In general, the functional form for the concentration of traps (   and   ) is given 
by 
14
 
         ( [     ]) 4.26 
and 
         ( [     ]), 4.27 
where  = 1/kBT.  For trap recombination in the quasi-neutral regions, it is assumed that 
the energy of the trap state is approximately mid-gap, which corresponds to the intrinsic 
chemical potential energy level of the band diagram; i.e.      .  Therefore, single-level 
trap recombination (equation 4.22) becomes 
 
       
   [      ]
           [     √
   
   
]          [     ]
 
4.28 
For the PTR, given that               and        
5, 6
, yields 
 
       
   
       
 4.29 
4.4.3 Auger recombination;       [            ][        
 ] 
Applying the definition of carrier concentrations in the PTR to the form of Auger 
recombination (equation 4.23) gives 
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     4.30 
Letting, 
 
      
       
  
5, 6
, the recombination rate for Auger recombination becomes 
 
      
   
      
 4.31 
4.4.4 Total recombination in the PTR 
Total recombination in the PTR is the sum of all recombination rates 
                       4.32 
or, letting 
5, 6
 
  
   
 
 
      
 
 
       
 
 
      
 4.33 
the total recombination in the PTR can be expressed as 
5, 6
 
 
   
   
   
 4.34 
4.5 N-type region recombination 
In the NTR, the concentration of electrons can be given approximately by the 
equilibrium concentration of electrons, which is given by the number of donor atoms, 
         .  By the law of mass action, the equilibrium concentration of holes must 
be,     
  
 
   
.   
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4.5.1 Radiative recombination;        [       
 ] 
Inserting the expressions for carrier concentrations defined in the NTR in to 
equation 4.21 gives 
                4.35 
Letting, 
 
      
      , gives 
 
      
   
       
 4.36 
4.5.2 Single-level trap recombination;        
        
 
       [     ]        [      ]
 
Inserting the expressions for carrier concentrations defined in the NTR in to 
equation 4.22 and applying                and       , gives 
 
       
   
        
 4.37 
4.5.3 Auger recombination;       [            ][        
 ] 
Inserting the expressions for carrier concentrations defined in the NTR in to 
equation 4.23 gives 
             
     4.38 
Letting 
 
      
       
 , gives 
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 4.39 
4.5.4 Total recombination in the NTR 
Total recombination in the NTR is the sum of all recombination rates 
                       4.40 
or, letting  
  
   
 
 
       
 
 
        
 
 
       
 4.41 
the total recombination in the NTR can be expressed as 
 
   
   
   
 4.42 
4.6 Space-charge region (SCR) recombination 
Total recombination in the SCR is 
                              4.43 
In the SCR, the carrier concentrations are equivalent.  However, when a bias is applied to 
the photovoltaic junction, there is still a splitting of the intrinsic chemical potential in the 
SCR into the quasi-Fermi energies and, therefore, the carrier concentrations are offset 
from their equilibrium state values 
7
.  Hence, the recombination current contribution from 
the SCR to the total dark-current of the PV device is a consequence of the applied bias to 
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the junction.  Under an applied bias, the charge carrier concentrations in the SCR are 
given by 
14
 
          ( [      ]) 4.44 
and 
          ( [      ]) 4.45 
and, for single level trap recombination, the concentration of trap sites are, again, defined 
by 
14
 
         ( [     ]) 4.46 
and 
         ( [     ]) 4.47 
4.6.1 Radiative recombination;          [         
 ] 
Inserting the expressions for carrier concentrations defined in the SCR into 
equation 4.21 gives 
          [     ( [      ])      ( [      ])    
 ] 4.48 
or 
             
 [   ( [       ])   ]      
  [   (   )   ] 4.49 
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For c-Si,              
   
 
 
15
.  Because the band gap for amorphous silicon is larger 
than the band gap for crystalline silicon, it is logical to assume that the value of   for 
amorphous silicon will be smaller than for crystalline silicon.  It is noted here, for later 
reference, that the functional form for the radiative recombination rate is spatially 
independent, regardless of what the spatial dependence of the chemical potential is.   
4.6.2.0 Single-level trap recombination;          
         
 
    [      ]     [      ]
 
Inserting the expressions for charge carrier and trap concentrations defined in the 
SCR into the single level trap recombination (equation 4.22), the trap recombination 
function in the SCR can be manipulated to be expressed as 
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with  
 
  
       
 
 4.51 
The implicit spatial dependence for the SCR trap recombination lies in the intrinsic 
chemical potential   ( ⃑) and trap energy   ( ⃑).  Two scenarios are considered for the trap 
energy level in the SCR; 
1.       ; 
14
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2.       
There is, unfortunately, no exact information on the functional form of the trap 
energy levels in the SCR.  Case 1 examines the recombination when the trap energy 
levels are mid-gap level states, which coincides with the intrinsic chemical potential 
across the SCR.  Case 2 examines recombination across the SCR if the trap energy levels 
are the average of the quasi-Fermi levels there.  The reason for considering both cases is 
that the trap energy level associated with case 2 is more readily able to be integrated 
analytically than case 1.  It is important, however, to compare the recombination rates 
based on the different trap energy levels.   
4.6.2.1 Single-level trap recombination for,       
Applying       to equation 4.50 gives 
           
 
  
√        
    (
   
 )
   ( 
   
 )    (  (√
    
    
))      ( [  ( ⃑)   ]    (√
    
    
))
 4.52 
4.6.2.2 Single-level trap recombination for,      
Applying      to equation 4.50 gives 
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or, because the hyperbolic cosine function is an even function 
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or, by expanding the hyperbolic sine function, can be equally expressed as  
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4.6.3 Auger recombination;         [               ][         
 ] 
Inserting the expressions for carrier concentrations defined in the SCR into 
equation 4.23 gives 
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For c-Si,          
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] and          
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] 15.   
4.7 Spatially independent SCR recombination; i.e. flat band approximation 
For large biases applied to a photovoltaic junction, the band structure flattens as 
the maximum output voltage of the junction is reached.  For a completely flat band, the 
spatial dependence of the intrinsic chemical potential becomes a line with a slope of zero 
and y – intercept given by the average of the two quasi-Fermi energies; i.e.  
 
   
       
 
   4.57 
In this limit, the SCR carrier concentrations become 
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and 
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while the trap concentrations become 
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         ( [    ]) 4.60 
and 
         ( [    ]) 4.61 
4.7.1 Spatially independent SCR radiative recombination 
Because the radiative recombination rate across the SCR is spatially independent, 
regardless of the spatial dependence of the intrinsic chemical potential and/or trap energy 
states, there is no change to the functional form for the radiative recombination across the 
SCR; i.e.  
             
  [   (   )   ] 4.62 
4.7.2 Spatially independent SCR single-level trap recombination 
Inserting the charge carrier and trap concentrations into the single-level trap 
recombination rate (equation 4.22) gives 
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or 
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4.7.3 Spatially independent SCR Auger recombination 
Inserting equations 4.58 and 4.59 into the Auger recombination rate (equation 
4.23) gives 
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4.8 Linear spatially dependent SCR recombination 
For planar (and possibly other) configurations of a photovoltaic junction, it is 
approximated that the intrinsic chemical potential has a linear spatial dependence across 
the SCR 
14
 
          4.69 
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The slope   is given by the band bending across the SCR under an applied bias and by 
the width of the SCR 
14
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Figure 4.4 Linear spatially dependent intrinsic chemical potential across the SCR of a p-i-n junction.  Here, 
the origin is established at   
     
 
.  However, coordinate transformations may have to be performed 
when calculating the recombination current of the junction due to the coordinate system of the junction 
defined by coordinate variables   ,   ,   , and   .     
The most appropriate y – intercept value to use is   
       
 
, which corresponds 
to a spatial origin established at the center of the SCR (see Figure 4.4).  While, here, the 
spatial origin is established at the center of the SCR, a coordinate transformation may 
have to be performed when calculating the recombination current for the device, as the 
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spatial origin established for the recombination rate may not coincide with the spatial 
origin for a given photovoltaic junction.   
4.8.1 Linear spatially dependent SCR radiative recombination 
The radiative recombination rate across the SCR is spatially independent; i.e.  
             
  [   (   )   ] 4.71 
A plot of radiative recombination as a function of the SCR distance is shown in Figure 
4.5, for a SCR thickness of 350 nm, and amorphous silicon material parameters to 
calculate the rate of radiative recombination.  While the plot for radiative recombination 
is a flat line, the values of radiative recombination are plotted here for reference later to 
the trap recombination rates for amorphous silicon.  As can be seen in Figure 4.5, the 
applied voltage affects the rate of trap recombination.   
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Figure 4.5 Plot of the radiative recombination rate across the SCR.   
 
4.8.2.1 Linear spatially dependent SCR single-level trap recombination for       
 For   ( ⃑)        
14
, equation 4.52 becomes 
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4.8.2.2 Linear spatially dependent SCR single-level trap recombination for,      
For   ( ⃑)       , equation 4.55 becomes 
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As shown in the semi-logarithmic plot in Figure 4.6, we have used equations 4.73 
and 4.75 to calculate the dependence of the trap recombination rates in the SCR for 
varying voltages.  This plot is analogous to the original plot of trap recombination in the 
SCR produced by Sah, et al, and has been shown in other references 
6
.  It indicates that 
the rate of trap recombination is greatest in the middle of the SCR, as photogenerated 
carriers are least likely to be extracted at the charge equilibrium center of the SCR.  
Under forward bias, the two trap recombination rates are very similar.  In fact, they only 
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differ by      % at        , and by even less at         .  The largest difference 
between the two trap rates under forward bias occurs at      , where there is 
approximately 10% difference between the two (not shown).  This difference increases as 
the voltages move below zero and into the reverse bias regime, as can be seen in Figure 
4.6 for         , where the difference between the two trap rates is greater than 
100%.  However, since forward bias is the pertinent voltage region of interest for 
photovoltaics, using      in the trap recombination rate does not appear to introduce a 
large error in the amount of recombination occurring in the SCR of a photovoltaic 
junction.   
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Figure 4.6 Plot of trap recombination for (1)       (arrows on left hand side of plot) and (2)      
(arrows on right hand side of plot) under the assumption that the intrinsic chemical potential varies linearly 
across the SCR.  The trap recombination rates show insignificant difference between the different trap 
energy levels under forward bias (less than 0.0001% for       and even smaller for      ).  However, 
under reverse bias the two trap recombination rates are clearly different for each trap energy level.  
Compared to the radiative recombination, the trap recombination rate is many orders of magnitude larger.  
These plots were performed using material parameters for intrinsic amorphous silicon and a SCR thickness 
of 350 nm.   
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4.8.3 Linear spatially dependent SCR Auger recombination 
For   ( ⃑)       , equation 4.56 becomes 
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Equation 4.78 is plotted in Figure 4.7, and shows that in contrast to trap 
recombination, Auger recombination is greatest at the edges of the SCR, and smallest in 
the middle.   
 
Figure 4.7 Plot of Auger recombination rates for varying voltages of a linearly varying intrinsic chemical 
potential across the SCR.  Compared to the values of the trap recombination for the same voltages, the 
Auger recombination is negligible in the SCR.  These plots were performed using material parameters for 
intrinsic amorphous silicon and a SCR thickness of 350 nm.   
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4.9 Logarithmic spatially-dependent SCR recombination rate 
The electric potential has approximately the same spatial dependence as the 
energy bands of the junction (see Section 2.7.1) and, therefore, as the intrinsic chemical 
potential.  For the planar junction in Section 2.12.1, it was shown that the electric 
potential varied quadratically across the SCR, indicating that the spatial dependency of 
the intrinsic chemical potential should also be quadratic across the SCR.  However, a 
linear spatially dependent intrinsic chemical potential was used in the recombination rate 
for the planar junction (see Section 4.8), indicating that the intrinsic chemical potential 
varying linearly across the SCR of a planar junction is an approximation to the actual 
quadratic spatial dependence the intrinsic chemical potential should have there.   
By inspecting the spatial dependence of the electric potential in the SCR for a 
coaxial junction,    ( )  
      
  
       ( )    , it is logical to question whether or 
not a linear band profile across the SCR is accurate for non-planar junctions.  From the 
solution for the electric potential across the SCR of a coaxial junction, a possible 
approximation for the intrinsic chemical potential across the SCR could be   ( )  
    ( )    , based on an analogous capacitance model approximation made for the 
planar junction.  Therefore, in this analysis for the coaxial junction, the intrinsic chemical 
potential is approximated to be 
 
  ( )   [       ]   (
 
   
   
 
)    4.80 
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where   determines the intercept of the intrinsic chemical potential where     .  
Equation 4.80 is plotted in Figure 4.8 and shows the degree to which the intrinsic 
chemical potential changes with increasing SCR thickness.   
 
Figure 4.8 Plot of equation 4.80 for varying thicknesses of a SCR (150 , 500, and 1000 nm) at short-circuit.  
The material parameters for an a-Si p-i-n junction were used to calculate      .   
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The proposed logarithmic form for the spatial dependence of the energy bands 
across the SCR of a coaxial junction has further possible importance for the class of 
materials used in simulations later in this analysis; namely that of amorphous silicon p-i-n 
junctions.  The electric potential across the SCR of planar, amorphous silicon p-i-n 
junctions has been shown to be dominated by a linear spatial dependence 
1, 5, 6
, implying 
that the built-in electric field across the SCR is constant.  This dependence is analogous 
to the electric field and electric potential behavior across the dielectric of a parallel plate 
capacitor.  If comparisons are made between p-i-n junctions and capacitors, then by that 
cogent, the built-in electric field for a coaxial p-i-n junction should vary inversely with 
distance across the SCR, which would also yield a logarithmic spatial dependence of the 
electric potential across the SCR, further supporting the approximation made for the 
intrinsic chemical potential in equation 4.80.  Therefore, maintaining the flat band 
approximations in the quasi-neutral regions, the band profile of a coaxial PV junction is 
expected to be similar to that indicated in Figure 4.9.  With these physical arguments for 
the spatial dependence of the intrinsic chemical potential across the SCR of a coaxial 
junction, the recombination rates are analyzed next.   
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Figure 4.9 Proposed band diagram for a logarithmic spatially dependent energy band profile across the 
SCR of a coaxial junction.   
 
4.9.1 Logarithmic spatially dependent SCR radiative recombination 
The radiative recombination rate across the SCR is spatially independent; i.e. the 
same for all architectures: 
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4.9.2.1 Logarithmical spatially dependent SCR single-level trap recombination for, 
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4.9.2.2 Logarithmic spatially dependent SCR single-level trap recombination for, 
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Figure 4.9 uses the above two equations, 4.82 and 4.83, to show the trap recombination 
rates for varying voltages of a logarithmically varying intrinsic chemical potential.  For 
all voltages considered, the trap recombination peaks are approximately an order of 
magnitude higher than the trap recombination peaks under the assumption that the 
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intrinsic chemical potential varied linearly across the SCR.  The noticeable difference 
here is that the peaks have shifted off center for the logarithmic spatially dependent 
intrinsic chemical potential, as compared to the linear spatially dependent intrinsic 
chemical potential (note the coordinate system origin is at the center of the coaxial cell, 
which does not correspond with the center of the SCR).  This result was to be expected 
because the built-in electric field is no longer constant across the SCR in a coaxial 
junction.   
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Figure 4.10 Plot of trap recombination for (1)       (left arrows) and (2)      (right arrows) under the 
assumption that the intrinsic chemical potential varies logarithmically across the SCR.  For all voltages, the 
trap recombination peaks are approximately an order of magnitude higher than the trap recombination 
peaks under the assumption that the intrinsic chemical potential varied linearly across the SCR.  The 
noticeable difference here is that the peaks have shifted off center for the logarithmic dependent intrinsic 
chemical potential.  These plots were performed using material parameters for intrinsic amorphous silicon 
and a SCR thickness of 350 nm.   
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4.9.3 Logarithmic spatially dependent SCR Auger recombination 
For   ( )   [       ]   (
 
   
   
 
)   , equation 4.56 becomes 
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Equation 4.86 is plotted in Figure 4.11 and, again, the noticeable change here is 
that the minima have shifted off center as compared to the linear spatially dependent 
intrinsic chemical potential used in the Auger recombination rate across the SCR 
(equation 4.78).   
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Figure 4.11 Plot of Auger recombination rates for varying voltages of a logarithmically varying intrinsic 
chemical potential across the SCR.  Here, the Auger recombination maxima reach larger values than before 
when the intrinsic chemical potential varied linearly across the SCR.  As with the trap recombination for 
the logarithmically varying intrinsic chemical potential, the peak minimums have shifted here as well 
compared to the linearly varying intrinsic chemical potential.  These plots were performed using material 
parameters for intrinsic amorphous silicon and a SCR thickness of 350 nm.   
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4.10 Inverse spatially dependent SCR recombination 
Based on the electric field and electric potential behavior across the dielectric of a 
spherical capacitor, it is approximated that the spatial dependence of the intrinsic 
chemical potential across the SCR of a hemispherical PV junction is  
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4.10.1 Inverse spatially dependent SCR radiative recombination 
The radiative recombination rate across the SCR is spatially independent; i.e.  
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4.10.2.1 Inverse spatially dependent SCR single level trap recombination for       
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4.10.2.2 Inverse spatially dependent SCR single-level trap recombination for      
 For   ( )    [       ] [
   
   
 
 
]   , equation 4.55 becomes 
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4.10.3 Inverse spatially dependent SCR Auger recombination 
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Chapter summary 
 This chapter has established a geometrically generalized expression for the 
generation rate of charge carriers, and established the spatial dependence of the 
recombination rates for the different photovoltaic architectures considered.  The 
equations for the generation and recombination rates are necessary to calculate the total 
current of the junction, and in Chapter 5, are applied to the equations for total current 
derived in Chapters 2 and 3.  In Chapter 6, the expressions for total current are applied to 
the proposed architectures and simulated numerically.   
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Chapter 5 – Current-voltage characteristics  
 This chapter will explore the application of the various functional expressions for 
the generation and recombination rates derived in Chapter 4, to the established transport 
equations and expressions for current of the junction that were derived in Chapters 2 and 
3, for planar, coaxial, and hemispherical amorphous silicon (a-Si) photovoltaic 
architectures.   
5.1 Amorphous silicon thin film solar cells 
 Semiconductors in single crystal form can be expensive to produce.  Because of 
this, much interest has been given to producing photovoltaic junctions from inexpensive 
thin film techniques, utilizing physical or chemical deposition methods 
1-13
.  However, 
compared to single crystalline materials, amorphous or other non-crystalline materials 
have little to no long range order and often contain intrinsic defects which increase the 
density of trap states 
1, 8, 11, 14
.  This results in shorter charge carrier lifetimes, and thus, in 
shorter recombination length-scales for amorphous-based solar cells.  Therefore, 
amorphous photovoltaic junctions are limited in the thickness to which they can or should 
be made with appreciable power conversion efficiency 
1
, to minimize the recombination 
current of the device.  For the case of amorphous silicon (the material of interest in this 
study) it is necessary to use extended built-in electric fields to aid in photon collection, 
which is why amorphous silicon solar cells use p-i-n junctions, instead of p-n junctions 
1, 
2
.  While the three distinct regions of the photovoltaic junction remain intact (NTR, SCR, 
and PTR) with this configuration, it is important to note that the energy band profile 
changes when switching from a p-n junction to a p-i-n junction.  The reason for this is 
because the built-in potential across the SCR is inherently made to extend over a larger 
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distance (with respect to the total thickness of the junction) and that the density of fixed 
charge in the depletion region of a crystalline junction is fundamentally different than the 
defect density/intrinsic concentration of free charge carriers in the undoped, intrinsic 
portion (i-layer) of an amorphous p-i-n junction.  For planar junctions, computer-aided 
simulations show that the energy band profile across the i-layer of a p-i-n junction is 
predominantly linear 
1, 2, 15
, as indicated in Figure 5.1 below.     
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Figure 5.1 Energy band profile for an amorphous silicon p-i-n junction.  One-dimensional simulation 
software such as AMPS or PC1D verify that the overall aesthetic of the energy band profile for a p-i-n 
junction has, relatively, flat potential profiles in the quasi-neutral regions and a relatively linear potential 
profile across the i-layer/SCR of the device.   
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 Because non-crystalline materials are more likely to benefit from non-planar PV 
architectures, due to their inherently short charge carrier lifetimes, a-Si is analyzed in this 
work.  Amorphous silicon is the most well-known amorphous material with regards to 
material parameters such as mobility, deposition fabrication, etc.  In working with a-Si, 
not only is there more applicability to non-planar PV architectures, but there is also a 
benefit with regard to the numerical and analytical calculation of the total current for the 
device.   
 The basic amorphous silicon solar cell structure is a p-i-n junction 
1-5, 7, 8, 10, 11, 13, 
15-17
.  Because the diffusion lengths in the amorphous P-type and N-type regions are so 
short (on the order of one to tens of nanometers, depending on the defect concentration), 
both of these regions are typically constructed very thin, so as not to diminish the 
generation current in the cell by an overpowering recombination current.  Because the 
quasi-neutral regions must be thin relative to the thickness of the junction, the middle 
intrinsic layer (i-layer) is needed to extend the thickness of the junction so that photons 
can be more effectively absorbed.  The built-in bias       of the junction is dropped across 
the i-layer, creating a SCR which drives charge carrier separation in the junction.  The i-
layer thickness should, ideally, be optimized for maximum absorbance and 
photogenerated current, which means that the SCR of the junction should be extended 
over the entire i-layer.  If the i-layer is made too thick, a flat band profile can form near 
the middle of the i-layer where there is no SCR, and hence no driving force (i.e. no drift) 
to move charge carriers.  This is because the i-layer would be so thick that the built-in 
bias cannot drop continuously from the NTR to the PTR.  In the other extreme, if the i-
layer is made too thin, an insufficient number of photons will be absorbed.  This means 
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that for any p-i-n architecture, the cell should be designed such that the depletion width 
(SCR) is greater than the thickness of the i-layer at operating bias.  In practice, this puts a 
limit on the thickness of the i-layer to roughly 0.5    for a planar p-i-n structure.  
Because of the relative thicknesses of each region, photogenerated carriers in the p-i-n 
structure are collected primarily by drift rather than diffusion 
1-5, 7, 8, 10, 11, 13, 15-17
.   
 Given that the i-layer thickness has been optimized for the p-i-n architecture, the 
three distinct regions of the PV junction should remain intact, and therefore, the 
geometrically generalized expression for current derived in Chapters 2 and 3 should 
apply.  In this work, it is assumed that the SCR thickness is equal to the i-layer thickness.  
While a detailed analysis for total current will be shown for each architecture (planar, 
coaxial, and hemispherical), when numerically calculating the current-voltage 
characteristics, the amorphous approximation will be made.  This approximation states 
that, to first order, only the generation and recombination current from the i-layer need to 
be included in the calculation of the total current for an amorphous silicon solar cell 
1
.  
This is because the diffusion lengths in the P-type and N-type regions are so short, that 
current collection in both of these regions is negligible.  In addition, because the P-type 
and N-type layers are so thin with respect to the i-layer, any excess recombination 
occurring in the quasi-neutral regions is also negligible compared to recombination 
occurring in the i-layer.  While the numerical calculations in this work will utilize the 
amorphous approximation, analytical expressions for total current will be solved as 
generally as possible in this chapter.   
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5.2 Geometric photovoltaic device physics for a-Si, p-i-n junctions 
 In this section, the device physics equations for a geometrically generalized p-i-n 
junction are reviewed, based on the equations established in Chapters 2 and 3 for 
photovoltaic junctions.  Because it is assumed that current from the quasi-neutral regions 
is small compared to the current produced in the SCR of the p-i-n junction, flat energy 
bands are presumed in the quasi-neutral regions, thereby omitting any current in the 
quasi-neutral regions that may be due to drift.  The accuracy of this approximation 
depends on the actual (yet to be simulated) band structure in the quasi-neutral regions for 
non-planar photovoltaic architectures.   The spatial dependence of the band profile in the 
SCR is known to depend on the geometrical orientation of the junction and, therefore, 
will be introduced into the expressions independently when each architecture is analyzed 
later in the chapter.  The (symmetric) geometrically generalized a-Si p-i-n photovoltaic 
junction, aligned along generalized coordinate axis   , is shown in Figure 5.2.  The 
energy band profile is indicated beneath the schematic of the p-i-n junction.  Because the 
spatial dependence of the SCR energy band will change depending on the geometrical 
orientation of the junction, the band profile across the i-layer has been shaded out, to omit 
any spatial dependence of energy band in this region for now, so that equations of charge 
transport for the junction can be established as generally as possible before applying a 
particular geometric orientation to the junction.   
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Figure 5.2 Energy band profile for a geometrically generalized a-Si, p-i-n junction.  Because it is assumed 
that current from the quasi-neutral regions isn’t significantly important to the total current of the junction as 
the current from the SCR is, flat energy band profiles are assumed in the quasi-neutral regions, indicating 
that only current due to minority-carrier diffusion is considered in the quasi-neutral regions, even for non-
planar geometries.  Since it has been shown in previous chapters that the spatial dependence of the SCR 
band profiles may change depending on the geometrical orientation of the junction, the band profile across 
the i-layer is shaded out here, so that the spatial dependence unique to each geometrical orientation may be 
introduced separately, later in the chapter. 
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The total current of the junction, established symmetrically along the axis   , is (see 
Sections 3.4 through 3.6)  
        
( ⃑ )       
( ⃑ )       5.1 
which, in terms of current density, is (see Section 3.3) 
 
  ∫ ⃑  ( ⃑ )    ⃑( ⃑ )
 
 ∫
  ( ⃑ )  ( ⃑ )
  ( ⃑ )  ( ⃑ )
  ⃑  ( ⃑ )    ⃑( ⃑ )
 
  ∫[   ( ⃑)     ( ⃑)]  
  
 
 
5.2 
where the generation and recombination rates (   ( ⃑) and    ( ⃑)) vary depending on the 
geometrical orientation of the junction.  The current densities at  ⃑   ⃑  and  ⃑   ⃑  are 
defined, respectively, by 
  ⃑  ( ⃑   ⃑ )        ⃑  ( ⃑ )       
 
  ( ⃑ )
   ( ⃑ )
   
  ̂  5.3 
and 
  ⃑  ( ⃑   ⃑ )       ⃑  ( ⃑ )      
 
  ( ⃑ )
   ( ⃑ )
   
  ̂  5.4 
These equations lay the foundation for determining the total current of the junction.  
Next, the spatial dependence of the minority carriers in the quasi-neutral regions must be 
determined, and the generation and recombination rates across the SCR must also be 
determined and integrated over the volume of the SCR, to completely evaluate the total 
current of the junction.   
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5.2.1 NTR geometric photovoltaic device physics (for flat energy bands) 
Current density in the NTR is determined by solving the second order differential 
equation for hole-diffusion, and is subject to the boundary conditions (B.C.’s) 
 
     
  
    ( ⃑)  
   ( ⃑)
   
      ( ⃑) 5.5 
B.C.’s  ⃑  ( ⃑   ⃑ )    ⃑    ( ⃑ ) 5.6 
   ( ⃑   ⃑ )        (   ) 5.7 
5.2.2 PTR geometric photovoltaic device physics (for flat energy bands) 
Current density in the PTR is determined by solving the second order differential 
equation for electron-diffusion, and is subject to the boundary conditions (B.C.’s) 
 
    
  
    ( ⃑)  
   ( ⃑)
   
    ( ⃑) 5.8 
B.C.’s  ⃑  ( ⃑   ⃑ )    ⃑    ( ⃑ ) 5.9 
   ( ⃑   ⃑ )        (   ) 5.10 
5.2.3 SCR current for a geometrically generalized p-i-n junction 
 Current from the SCR of the device is the volume integral over the generation and 
recombination rates there 
       ∫[    ( ⃑)     ( ⃑)]  
  
 
  5.11 
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The generalized form of the generation rate of electron-hole pairs in the junction is given 
by (see Section 4.2) 
     (  ⃑⃑⃑⃑ )    ⃑    ̂ ∫ [   (  )]   (  )    (  ⃑(  )    ⃑⃑⃑⃑ )    
    
 
 5.12 
The recombination rate (see Section 4.6) in the SCR is the sum of radiative, trap, and 
Auger recombination  
                              5.13 
with the radiative recombination rate given (for all architectures) by 
             
  [   (   )   ]  5.14 
the trap recombination rate given by 
 
           
  
 √        
   (
   
 )   
    ( [  ( ⃑)   ]    (√
    
    
))
  
5.15 
and the Auger recombination rate given by 
 
       
 √        [   ( [      ( ⃑)]    (√
    
    
))
    ( [  ( ⃑)     ]    (√
    
    
))] [   (   )   ]  
5.16 
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Because the generation and recombination rate equations are conditionally dependent 
upon geometry, in order to solve them, the geometry of the junction must be specified.  
The remainder of this chapter identifies the three (planar, coaxial, and hemispherical) 
geometries shown in Figure 5.3, to solve the equations of transport for p-i-n amorphous 
silicon junctions.   
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Planar 
Cylindrically coaxial 
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Figure 5.3 Schematic of planar and non-planar p-i-n homojunctions.   
 
 
 
 
 
 
 
Hemispherically coaxial 
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5.3 Planar p-i-n architectures 
 The planar, amorphous p-i-n junction of Figure 5.4 has been solved before in 
great depth 
1-5, 7, 8, 10, 11, 13, 15-17
.  However, it has not been solved in a manner where the 
geometry of the junction was introduced into the analysis after the expression for current 
had already been established.  Any calculation of the total current for a planar solar cell 
up to this point has started from a one-dimensional analysis before proceeding to express 
the total current.  Therefore, in this analysis, the expressions for current must reproduce 
what has already been shown for one-dimensional p-i-n junctions.  In Figure 5.4, because 
the planar architecture has now been applied to the photovoltaic junction, the linear 
spatial dependence of the energy band in the SCR is indicated in the band profile for the 
junction.   
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Figure 5.4 (a) Planar p-i-n schematic.  (b) p-i-n band structure with linear spatial dependence across the i-
layer.   
a. 
b. 
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Based on the analysis outlined in this work, the total current for the planar junction is 
expressed as 
       
(  )      
(  )       5.17 
with the components     
(  ),     
(  ), and      expressed in terms of 
     
(    )      
(  )∫     
 
 5.18 
     
(    )      
(  )∫     
 
 5.19 
       ∫ ∫ [    ( ⃑)     ( ⃑)]   
  
  
    
 
 5.20 
The components     
(  ) and     
(  ) are expressed from solutions to the differential 
equations defining transport in the quasi-neutral regions, and are solved for next.  As 
expected, these equations for the current of the planar junction have the same form as 
those derived in other references for one-dimensional analysis of solar cells 
1, 2, 15, 18-21
. 
5.3.1 NTR transport for the planar p-i-n junction 
The component     
(  ) is  
  ⃑  (    )        ⃑  (    )       
   (  )
  
  ̂ 5.21 
with the differential equation defining transport in the NTR given by 
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    ( )
   
 
   ( )
   
   
    (  ⃑⃑⃑⃑ )
   
 5.22 
Because the generation rate is described by the attenuation of light in the junction, the 
generation rate in the NTR has the same functional expression as in the SCR or the PTR.  
The generation rate must be catered, here, to be specific to the planar junction.  To start, 
we must specify the direction of incident light  ̂, which for a standard p-i-n junction, is 
taken to be incident through the P-type window.  Therefore, from Figure 5.4, the 
direction of incident light for the planar p-i-n junction is given by  ̂    ̂.  This implies 
that the absorption path length   ⃑⃑⃑⃑  is defined along the z-axis as well, with an offset from 
the origin of the cell defined by   ⃑⃑⃑⃑     ̂  [     ]  ̂.  The angle dependence of the 
dot product of the absorption path length with the absorption coefficient (equation 5.12) 
can be taken to be inconsequential here because we are working with an amorphous 
material, in which the assumption is made that the absorption coefficient is isotropic for 
all directions of the NTR, PTR, and SCR.  With this, the generation rate (equation 5.12) 
in the junction becomes 
     ( )    ⃑     ̂∫ [   (  )]   (  )    (  (  )[    ])    
    
 
 5.23 
or 
     ( )  ∫ [   (  )] (  )   (  )    (  (  ) [    ])    
    
 
 5.24 
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As expected, this generation rate has the same form as that derived in other references for 
one-dimensional analysis of solar cells 
1, 2, 7, 8, 11, 13, 15, 16, 20, 21
.  Because,    ( )  
  ( )     , equation 5.22 can be expressed as 
 
     ( )
   
 
   ( )
   
   
    ( )
   
 5.25 
with no loss of information; note, the diffusion-length of holes in the NTR     is defined 
by,     √      .  This result is consistent with texts on the physics of one-
dimensional solar cells 
1, 2, 15, 18-21
.  The two planar boundary conditions necessary to 
complete the solution   ( ) to the differential equation in the NTR are 
  ⃑  (    )         (  )  ̂ 5.26 
   (    )        (   ) 5.27 
The solution to this differential equation appears to have been omitted in other texts 
1, 2, 15, 
18-20
, so the solution for the minority-hole concentration in the NTR will be outlined here.  
The homogeneous solution is defined by the differential equation 
 
      ( )
   
 
    ( )
   
    5.28 
The solution is  
     ( )         (
 
   
)         (
 
   
) 5.29 
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where the constants    and    are to be determined by the boundary conditions of the 
NTR at      and     .  This homogeneous solution can be checked by direct 
insertion into the homogenous differential equation.  The particular solution is defined 
by: 
 
      ( )
   
 
    ( )
   
   
    ( )
   
 5.30 
which is solved here by the method of undetermined coefficients 
22
.  By defining (see 
Section 4.2) 
     ( )  [   (  )]  (  )   (  )    (  (  ) [    ]) 5.31 
we can let the particular solution be 
     ( )  ∫        ( )    
    
 
 5.32 
and the differential equation for the particular solution becomes 
 ∫   [
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 5.33 
which, upon taking the derivative, becomes 
 ∫   
 
   
 [ 
 (  )   
   ]     ( )    
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    ( )
   
   
    
 
 5.34 
This gives a solution to the constant    of  
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  5.35 
Therefore, the particular solution for the NTR is 
     ( )  ∫        ( )    
    
 
 ∫
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  5.36 
The total solution to the differential equation defining transport in the NTR is 
    ( )      ( )      ( ) 5.37 
or 
    ( )         (
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 5.38 
From the boundary conditions, the constants    and    can be determined from the set of 
coupled equations 
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5.39 
and 
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5.40 
Therefore, the current density at      is given by 
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]  ̂ 
5.41 
This expression for current density at     for the planar junction matches that found in 
texts 
1, 2, 15, 18-20
.   
5.3.2 PTR transport for the planar p-i-n junction 
A similar analysis occurs for the PTR current.  The component     
(  ) is  
  ⃑  (    )        ⃑  (    )      
   (  )
  
  ̂ 5.42 
The differential equation defining transport in the PTR is  
 
     ( )
   
 
   ( )
   
   
    ( )
   
 5.43 
with the diffusion length of electrons in the PTR     defined by,     √       and the 
change in electron concentration given by    ( )    ( )      .  The two planar 
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boundary conditions necessary to complete the solution   ( ) to the differential equation 
in the PTR are 
   (    )        (   ) 5.44 
  ⃑  (    )         (  )  ̂ 5.45 
With the method for the solution to the minority-hole concentration in the NTR outlined 
in Section 5.3.1, it is straightforward to show that the minority-electron concentration in 
the PTR is 
    ( )         (
 
   
)         (
 
   
)  ∫
        ( )
    (  )   
     
    
 
 5.46 
with the constants    and    determined by the set of coupled equations, from the 
boundary conditions at      and     , given by  
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and 
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5.48 
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With these equations, the current density at      is 
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]  ̂ 
5.49 
This expression for current density at     for the planar junction also matches that 
found in texts 
1, 2, 15, 18-20
.   
5.3.3 SCR transport for the planar p-i-n junction 
As mentioned previously in this chapter, the relevant physics for the a-Si p-i-n junction 
occurs in the SCR.  Henceforth, the current contribution from the i-layer is the primary 
concern for the current calculation in the planar p-i-n junction.  The SCR current for the 
planar junction is 
       ∫     ∫     ( )   
  
   
  ∫     ∫           ( )   
  
   
 5.50 
where the area of the plane perpendicular to transport throughout the planar junction is 
defined by 
     ∫    
 
 5.51 
For simplicity, the SCR current can be expressed as 
                         5.52 
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with 
               ∫     ( )   
  
  
 5.53 
and 
              ∫           ( )   
  
  
 5.54 
Upon inserting the generation rate, the light-current becomes 
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which evaluates to be 
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The dark-current is 
                     
             
            
 5.57 
with 
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and 
134 
 
 
            
     
  [   (
   
 )   ]
 √        
∫
  
    (
  [       ]
   
 [     
   
 ]    (√
    
    
))
  
  
 5.59 
and 
 
           
        
 √            (   )     (
   
 
)∫      (
  [       ]
   
[ 
  
  
    
   
 
]    (√
    
    
))     
5.60 
Note, because the origin of the planar junction did not coincide with the origin defined 
for the recombination rates in Chapter 4, the coordinate transformation        
   
 
 
had to be made, in order to be consistent with the origin defined here for the planar 
junction.  Strictly speaking, to evaluate the total current contribution from the i-layer, a 
computer program can be used to evaluate the integrals and sum the generation and 
recombination current contributions.  However, for the planar junction, the integrals for 
the dark-current from the SCR have analytical solutions given by: 
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5.61 
and 
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5.62 
The reason for pointing this fact out is that the planar junction has the least complicated 
geometry to evaluate analytically.  As we show below, the dark-current integrals for non-
planar junctions do not readily have analytical solutions, and must be evaluated using 
computer-aided mathematical software.  It is also noted here, that the trap and Auger 
dark-currents have similarities to the forms for the spatially-independent dark-currents 
found from equations 4.66 and 4.68 respectively,  
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 5.63 
and 
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For the planar p-i-n junction, both the spatially independent and spatially dependent 
energy profiles yield dark-current contributions that are proportional to the volume of the 
i-layer,          .  Therefore, it stands to reason that there may be some underlying 
physics between the volume of the SCR and dark-current contributions from the SCR of 
the junction.  If all architectures prove to have this same proportionality for the dark-
current, then maximizing the generation current while simultaneously minimizing the 
recombination current of a photovoltaic junction may be as simple as maximizing the 
surface area of PV material exposed to light and minimizing the volume of the PV 
material in the junction.  This will be explored for the other PV architectures as well.   
The analytical solution for the trap recombination current, shown here for the planar 
junction, is slightly different than the recombination current typically shown in other 
texts on 1D solar cells.  There, the dark-current from the SCR is assumed to be given 
entirely by trap recombination (indeed a good approximation) and expressed as 
1, 23, 24
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where   is a factor that tends toward 
 
 
 for sufficiently large forward bias.  However, this 
expression is actually only part of the complete solution to the trap-current from the SCR, 
solved for by Sah, et al. in their original paper as 
25
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and with the limits defined by 
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While the integral  ( ) in equation 5.67 may approach some limit for significantly large 
bias, with numerical analysis, it is unnecessary to approximate  ( ).  The approximate 
form of the dark trap-current (equation 5.65) actually turns out to be fairly accurate with 
respect to the full form provided by Sah, et al 
1
(equation 5.66).  Note, the two functional 
forms of the dark trap-current (that derived by Sah, et al. and that derived in this analysis) 
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are almost identical under forward bias (see Figure 5.5), as should be expected for nearly 
identical trap recombination rates under forward bias (in this analysis, we assumed that 
    , a constant, while Sah, et al. assumed that      , the intrinsic chemical 
potential).  Figure 5.6 shows the various dark-currents considered in this analysis 
(equations 5.58 – 5.60), including the sum of dark-current contributions.   From Figure 
5.6, it is seen that the trap recombination current dominates all dark-current from the i-
layer.   
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Figure 5.5 Trap recombination current plots for (blue squares) that derived in this analysis and (magenta 
circles) that derived by Sah, et al  
25
.  These plots were performed using material parameters for intrinsic 
amorphous silicon and a SCR thickness of 350 nm.  Thanks to C. Andronache for Matlab simulations of 
dark-current from Sah, et al.   
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Figure 5.6 Planar, p-i-n junction, SCR dark-current component comparison.  The overlay of the sum (green 
circles) of all dark-current components on top of the dark trap-current component (solid blue line) shows 
that the trap recombination current is the dominant component of dark-current from the i-layer, for typical 
short-circuit current values of an amorphous silicon p-i-n junction.  These plots were performed using 
material parameters for intrinsic amorphous silicon and a SCR thickness of 150 nm.   
 
 
 
 
140 
 
5.4 Coaxial photovoltaic architectures 
There are few extant calculations of current for non-planar solar cells.  The canonical 
formalism applied here highlights additional details in comparison to previous theoretical 
works pertaining to non-planar photovoltaic junctions.  For example, a cylindrically 
radial p-n junction has been analyzed in references 23 and 26-28.  Because there is 
significant device physics overlap between p-n and p-i-n junctions, some of the analysis 
done on cylindrically radial solar cells applies to this work.  However, one important 
difference between the two structures is the lack of the inner/outer conductor (contact) for 
the radial “nanowire” solar cell.  This subtle structural difference drastically changes the 
transport in the quasi-neutral regions and, more importantly, the boundary conditions of 
the junction.  In addition, because the a-Si p-i-n junction current is dominated by 
generation and recombination from the i-layer, the details of the transport physics in the 
SCR of non-planar junctions, reported previously, somewhat overlook the importance of 
the spatial dependence of the band profile in the SCR.   
Beyond the critical importance of the SCR in the analysis of non-planar, a-Si p-i-
n junctions, a few modifications to charge transport in the quasi-neutral regions arise 
from the first principles approach taken in this analysis.  One such important 
consideration for non-planar architectures is that the flat band approximation in the quasi-
neutral regions may not be accurate.  This result becomes important when the majority of 
the current is coming from one or both of the quasi-neutral regions, as is often the case 
for crystalline p-n junctions.  However, without the benefit of numerical simulations of 
the energy bands for non-planar junctions, it is difficult to determine the importance of 
drift with respect to the total current of the junction.  However, as noted earlier, for a-Si 
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p-i-n junctions, the majority of the total current of the junction should come from the 
SCR, based on the relative thicknesses of the quasi-neutral regions with respect to the 
SCR.  With this, the flat band approximation in the quasi-neutral regions should not 
introduce a significant amount of error with respect to the total current of the junction.  In 
Figure 5.7, because the coaxial architecture has now been applied to the photovoltaic 
junction, the logarithmic spatial dependence of the energy band in the SCR is indicated in 
the band profile for the junction.   
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Figure 5.7 (a) Coaxial p-i-n schematic.  (b) p-i-n band structure with logarithmic spatial dependence across 
the i-layer.   
b. 
a. 
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The expression for total current of the coaxial junction is  
       
(  )      
(  )       5.71 
with the components     
(  ),     
(  ),      given by  
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and the components     
(    ) and     
(    ) are found by solving for the minority-
carrier concentrations in the quasi-neutral regions.  Note the azimuthal symmetry used 
with these equations for the coaxial current preemptively assumes that the generation rate 
is not a function of the azimuthal angle, which may or may not be true, depending on the 
direction of incident light onto the solar cell (analyzed further later in this chapter).  Here, 
it is assumed that light is always entering the cell along the z-direction.   
5.4.1 NTR transport for the coaxial p-i-n junction 
The component     
(    ) is  
  ⃑  (      )        ⃑  (      )       
   (    )
  
  ̂ 5.75 
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with the differential equation defining transport in the NTR for a coaxial junction given 
by 
    [
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      (  ⃑⃑⃑⃑ ) 5.76 
Note, in contrast to the differential equation defining transport in the NTR for the planar 
junction, this differential equation is not only a partial differential equation 
23, 24
, but also 
non-linear.  The generation rate     (  ⃑⃑⃑) must now be catered to be specific to the 
coaxial junction, increasing the mathematical complexity, because the direction of 
incident light can be taken to be incident from any number of directions.  For simplicity, 
and to be consistent with the planar junction, the direction of incident light  ̂ is taken to 
be along the z-direction, i.e.  ̂    ̂.  This again implies that the absorption path length 
  ⃑⃑⃑⃑  is defined along the z-axis, with an offset from the origin of the cell defined by 
  ⃑⃑⃑⃑     ̂  [   ]  ̂.  The absorption coefficient is again taken to be isotropic for all 
directions.  With these conditions, the generation rate for the coaxial junction is 
     ( )    ⃑     ̂∫ [   (  )]   (  )    (  (  )[   ])    
    
 
 5.77 
or 
     ( )  ∫ [   (  )] (  )   (  )    (  (  ) [   ])    
    
 
 5.78 
This generation rate is slightly different than that reported in previous references on 
cylindrically radial PV junctions 
23, 24, 26, 27
, the difference being in the offset from the 
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origin of the coordinate system for light entering the coaxial cell.  With this, the 
differential equation defining transport in the NTR for the coaxial junction can be 
expressed as 
 
     (   )
   
 
 
 
    (   )
  
 
     (   )
   
 
   (   )
   
   
    ( )
   
 5.79 
with     √      , and    (   )    (   )     .  The two boundary conditions 
necessary to complete the solution    (   ) to the differential equation are 
  ⃑  (      )         (    )  ̂ 5.80 
   (      )        (   ) 5.81 
The partial differential aspect of equation 5.79 is particularly important to emphasize 
here, because it has not been reported previously in analyses of cylindrically radial PV 
junctions.  In addition, the surface recombination boundary condition (equation 5.80) is 
different than that used in references 23 and 24, due to the physical difference between 
cylindrically radial nanowire solar cells (for which there is no inner conductor (contact) 
and coaxial solar cells.  An analytical solution for the minority-hole concentration in the 
NTR is now outlined for equation 5.79, for the particular situation when 
   (   )
  
 
   (   )
  
.  Under this assumption, equation 5.79 becomes 
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    (   )
  
 
   (   )
   
   
    ( )
   
 5.82 
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This assumes that the direction of transport in the quasi-neutral regions is entirely along 
the radial direction, and there is little to no minority-carrier diffusion along the 
longitudinal,  -axis.  For contacts at the top,    , and bottom,    , of the cell, as is 
often done for radial nanowire solar cells 
23, 26, 27
, this approximation does not hold.  In 
order for carriers to be extracted from that device, there must be large diffusional 
gradients along the z-direction in the quasi-neutral regions.  Therefore, the z-component 
of minority-carrier diffusion in the quasi-neutral regions cannot be neglected; i.e. a 
complete solution for the partial differential equation (equation 5.79) is needed and the 
surface recombination boundary condition (equation 5.80) will change because carriers 
are being collected along the z-direction.  Because the junction considered here is coaxial 
in nature, there will be a strong radial driving force, even in the quasi-neutral regions, and 
the approximation that the minority-carrier concentration gradient along the radial 
direction is much larger than along the z-direction 
   (   )
  
 
   (   )
  
 is a more apt 
approximation.  Note that for either structure (radial nanowire or coaxial PV junction) the 
only region where there is explicit radial flow of carriers is in the SCR.  The SCR acts as 
a polarizer for the directional flow of charge carriers in the device.  The solution to 
equation 5.82 is found by letting 
    
 (   )  
   (   )
   
  
    ( )
   
 5.83 
With this change of variable, the differential equation in the NTR can be expressed as 
 
     
 (   )
   
 
 
 
    
 (   )
  
 
   
 (   )
   
    5.84 
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While the new function    
 (   ) is a function of both   and  , the differential equation 
is entirely with respect to the  -variable now.  Equation 5.84, defining transport in the 
NTR, is a zeroeth order modified Bessel equation 
22, 28-31
, for which the solution is 
    
 (   )    ( )   (
 
   
)    ( )  (
 
   
) 5.85 
where   (
 
   
) is the zeroeth order modified Bessel function of the first kind, defined by 
  (
 
   
)    ( 
 
   
), and   (
 
   
) is the zeroeth order modified Bessel function of the 
second kind, defined by   (
 
   
)    (  
 
   
).  The solution to equation 5.84 is then  
    (   )     
     
 (   )          ( ) 5.86 
or 
    (   )     
 [  ( )   (
 
   
)    ( )  (
 
   
)]          ( ) 5.87 
For future reference, it is noted that 
 
    (   )
  
    [  ( )   (
 
   
)    ( )  (
 
   
)] 5.88 
Here,   (
 
   
) and   (
 
   
) are first order modified Bessel functions of the first and 
second kind, respectively.  From the boundary conditions, the constants   ( ) and   ( ) 
can be determined from the set of coupled equations 
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5.89 
and 
   ( )   (
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 [   (   )   ]  
    ( )
   
  5.90 
Therefore, the current density at      is given by 
     
(      )          [  ( )   (
  
   
)    ( )  (
  
   
)]  5.91 
The current at      is then 
     
(  )      ∫     
(    )   
 
 
  5.92 
The current at     ,     
(  ) is not numerically calculated here because more emphasis 
is given to the current from the SCR for the a-Si coaxial p-i-n junction.  However, for 
cylindrically coaxial junctions where the contribution of current from the NTR dominates 
current from the junction, equations 5.91 and 5.92 are critically important to the analysis 
of the device physics.   
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5.4.2 PTR transport for the coaxial p-i-n junction 
A similar analysis occurs for the PTR current.  The component     
(    ) is  
  ⃑  (      )       ⃑  (      )      
   (    )
  
  ̂ 5.93 
with the differential equation defining transport in the PTR for a coaxial junction defined 
by 
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   (   )
   
   
    ( )
   
 5.94 
with     √      , and    (   )    (   )     .  The two boundary conditions 
necessary to complete the solution for    (   ) for the coaxial PV junction are 
   (      )        (   ) 5.95 
  ⃑  (      )         (    )  ̂ 5.96 
With the method for the solution to the minority-hole concentration in the NTR outlined, 
it is straightforward to show that the minority-electron concentration in the PTR.  When 
     (   )
   
 
    (   )
  
, the solution to equation 5.94 is 
    (   )     
 [  ( )   (
 
   
)    ( )  (
 
   
)]         ( ) 5.97 
with the constants   ( ) and   ( ) determined by the set of coupled equations (from the 
boundary conditions at      and     ) 
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and 
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With these equations, the current density at      is 
     
(      )         [  ( )   (
  
   
)    ( )  (
  
   
)]  5.100 
The current at      is then 
     
(  )      ∫     
(    )   
 
 
  5.101 
For cylindrically coaxial junctions where the contribution of current from the PTR 
dominates current from the junction, equations 5.100 and 5.101 are critically important to 
the analysis of the device physics.   
5.4.3 SCR transport for the coaxial p-i-n junction 
The SCR current can be expressed, again, as 
                         5.102 
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with the light contribution of the SCR current for the coaxial structure given by 
            ∫     
  
  
∫   
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 5.103 
and the dark-current by 
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 5.104 
The light-current works out to be 
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 5.105 
and the dark contribution of the SCR current for the coaxial structure is 
                     
             
            
 5.106 
with the radiative dark current given by 
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the dark trap-current given by 
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 5.108 
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and the Auger dark current given by 
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5.109 
While analytical solutions for the trap and Auger dark-currents can be obtained 
with the aid of computational software such as Mathematica, the expressions are non-
trivial.  For comparison, the dark-currents from the SCR for the coaxial junction were 
evaluated in Mathematica and are plotted in Figures 5.8 and 5.9.  The dark trap-current 
still dominates the total dark-current in the SCR for the coaxial p-i-n junction (same as 
for the planar p-i-n junction).  Comparing Figures 5.8 and 5.9, it is seen that increasing 
the thickness of the SCR significantly increases the dark-current contribution for the 
coaxial p-i-n junction.  The reason for using various i-layer thicknesses (350 nm and 150 
nm) in the calculations of the dark-current presented in this work for the coaxial 
architecture, is to emphasize that the device physics applies over a broad range of SCR 
thicknesses.   
It is interesting to see how the coaxial junction performs as a function of the 
spatially-dependent energy profile used in the SCR; i.e. whether a linear or logarithmic 
intrinsic chemical potential is used in the recombination rate, and then integrated over the 
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volume of the i-layer for the coaxial cell.  For a given i-layer thickness of 50 nm, the dark 
trap-currents are compared to each other in Figure 5.10.  Because of the change in 
geometrical orientation of the junction, the built-in electric field of the coaxial junction 
changes the drift-velocity of the charge carriers in the SCR.  This implies that the 
recombination current in the i-layer of the coaxial p-i-n junction will be larger for 
logarithmic spatial dependence in the SCR, compared to a linear spatial dependence, as 
seen in Figure 5.10, where the logarithmic intrinsic chemical potential yields a higher 
recombination current.    
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Figure 5.8 Coaxial p-i-n junction, dark-current component comparison (for a logarithmic spatially 
dependent energy profile across the i-layer of the coaxial junction).  Again, as was the case for the planar p-
i-n junction, the dark trap-current component dominates all dark-current from the SCR for the coaxial p-i-n 
junction.  These plots were performed using material parameters for intrinsic amorphous silicon with a 
SCR thickness of 350 nm and a coaxial height of 500 nm.   
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Figure 5.9 Coaxial p-i-n junction, dark-current component comparison (for a logarithmic spatially 
dependent energy profile across the i-layer of the coaxial junction).  Again, as was the case for the planar p-
i-n junction, the dark trap-current component dominates all dark-current from the SCR for the coaxial p-i-n 
junction.  These plots were performed using material parameters for intrinsic amorphous silicon with a 
SCR thickness of 150 nm and a coaxial height of 1000 nm.   
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Figure 5.10 Trap recombination current comparison for (blue circles) logarithmic and (red triangles) linear 
spatially dependent intrinsic chemical potentials in the i-layer (50 nm) of a coaxial p-i-n junction.  As a 
result of the change in spatial dependence, the built-in electric field is now inversely proportional to the 
radial distance, thereby decreasing the probability for carrier extraction in the i-layer, at least for a SCR 
thickness of 50 nm used for this plot.  This manifests as an increase in recombination current.  These plots 
were performed using material parameters for intrinsic amorphous silicon with a SCR thickness of 50 nm 
and a coaxial height of 500 nm.   
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5.5 Hemispherical photovoltaic architectures 
The cylindrically coaxial PV junction described in this work is a somewhat 
idealized scenario.  In practice, some coaxial features may be “softened”, yielding a more 
hemispherical structure.  It is for this reason that transport for the hemispherical 
architecture is also considered.   
The expression for total current of the hemispherical architecture is  
       
(  )      
(  )       5.110 
with the components     
(  ) and     
(  ),      given by  
     
(    )      
 ∫     
(    )    ( )   
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       ∫ ∫ ∫ [   ( ⃑)     ( ⃑)]  
     ( )   
  
  
  
 
 
 
  
  
 
  5.113 
The components     
(    ) and     
(    ) are determined from solutions to the 
differential equations defining transport in the quasi-neutral regions.  These differ from 
the equations defining transport for the coaxial junction by their dependence on the zenith 
angle  .  While the coaxial architecture completely decouples the direction of light 
absorption and electronic transport, the hemispherical architecture only partially 
decouples it, from a strictly directional point of view.   
158 
 
5.5.1 NTR transport for the hemispherical p-i-n junction 
 The component     
(    ) is  
  ⃑  (      )        ⃑  (      )       
   (    )
  
  ̂ 5.114 
with the differential equation defining transport in the NTR for a hemispherical junction 
given by 
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5.115 
It is seen that increasing the dimensionality of the photovoltaic junction increases the 
mathematical complexity of the differential equations in the quasi-neutral regions.   
The generation rate for the hemispherical architecture is indeed different from the 
planar and the coaxial junctions.  Light is again taken to  be incident along the z-axis; i.e. 
 ̂    ̂.  However, whereas the coaxial junction used cylindrical coordinates, for which 
the z-axis coincides with the Cartesian coordinate z-axis used for the planar junction, the 
hemispherical junction is most naturally described in spherical coordinates, for which the 
z-axis is a projection of the radial direction.  This gives an absorption path length of  
  ⃑⃑⃑⃑     ̂       ( )  ̂  [    ]    ( )  ̂.  The direction of incident light is then, 
 ̂    ̂      ( )  ̂, for which the generation rate is 
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5.116 
or 
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5.117 
Because of the spherical nature of its surface, it can already be seen that the generation 
rate for the hemispherical junction must be less than that of the planar junction because of 
the     ( ) factor.  With this, the differential equation defining transport in the NTR is 
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5.118 
with     √      , and    (   )    (   )     .  The two boundary conditions 
necessary to complete the solution    (   ) are  
  ⃑  (      )         (    )  ̂ 5.119 
   (      )        (   ) 5.120 
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5.5.2 PTR transport for the hemispherical p-i-n junction 
Similarly, the component     
(    ) is determined in the PTR by 
  ⃑  (      )       ⃑  (      )      
   (    )
  
 5.121 
with the differential equation defining transport in the PTR defined by 
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5.122 
with     √      , and    (   )    (   )     .  The two boundary conditions 
necessary to complete the solution    (   ) are  
   (      )        (   ) 5.123 
  ⃑  (      )         (    )  ̂ 5.124 
5.5.3 Limiting case for transport in the quasi-neutral regions 
For this hemispherical junction, with light incident along the z-axis, there is no 
simple solution for separating the variables in the differential equations that define 
transport in the quasi-neutral regions.  This is because the non-homogeneous term 
    (   ) is a function of both   and  .  It is worthwhile to note that if light is incident 
along the radial direction  ̂     ̂, the generation rate for the hemispherical junction 
becomes  
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 5.125 
thereby making the generation rate a function of only  .  With this, the differential 
equations in the quasi-neutral regions can be reduced to be a single function of the r-
variable.  Because the contacts are also radial, any functional dependence of the minority-
carrier diffusion on the zenith angle   will be negligible.  For this scenario, the 
differential equation defining transport in the NTR is 
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 5.126 
Physically, the only difference between this differential equation and that defining 
transport in the NTR for the planar junction is the non-linear term 
 
 
    ( )
  
.  Therefore, as 
might have been expected, the hemispherical junction is a combination of cylindrically 
radial and planar junction characteristics.  This differential equation is actually a form of 
the zeroeth order modified spherical Bessel equation, for which the homogeneous 
solution is,    ( )       (
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order modified spherical Bessel functions of the first and second kind and defined by, 
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) are 
half-integer, zeroeth order modified Bessel functions of the first and second kind 
respectively.  However, for equation 5.125, there is no simple particular solution, and a 
variational approach is the most practical way to proceed for a full solution.  As with the 
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other photovoltaic architectures, however, the SCR is of greater concern with regard to 
the total current of the device.   
5.5.4 SCR transport for the hemispherical p-i-n junction 
 The SCR current for the hemispherical architecture can be expressed as 
                         5.127 
with 
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which, for analytical simplicity, is left as an integral, and the dark current is 
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5.132 
The premise upon which the energy dependence in the SCR changes for non-
planar PV junctions is that the built-in electric field varies inversely with distance (i.e. is 
not constant).  Only for very thin SCR thicknesses would the dark-current of non-planar 
junctions be small compared to a planar p-i-n junction.  Referring to Figure 5.11, the 
inverse intrinsic chemical potential trap recombination current (equation 5.130) is smaller 
than the dark trap-current for a hemispherical junction with a linear intrinsic chemical 
potential (equation 5.132).  The coaxial PV junction already showed an increase in its 
dark-current with respect to a linear intrinsic chemical potential at 50 nm (Figure 5.10), 
and it is known that the built-in electric field drops off even faster for the hemispherical 
junction (equation 4.87), meaning than an even larger increase in dark-current should be 
observed for the hemispherical architecture, contradicting the result shown in Figure 
5.11.  Therefore, it is likely something is incorrect about the parameters of the inverse 
intrinsic chemical potential in equation 4.87.  Because the intrinsic chemical potential 
that varies inversely with distance does not seem to work for the hemispherical PV 
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junction, a linear intrinsic chemical potential is used in the calculations of the dark-
current for the hemispherical junction in the remainder of this work.   
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Figure 5.11 Trap recombination plots for a hemispherical p-i-n junction with (red squares) linear and (blue 
circles) inverse spatially dependent energy profiles across the i-layer.  The fact that the linear intrinsic 
chemical potential yields a larger recombination current indicates that the function used to describe the 
inverse intrinsic chemical potential for the hemispherical structure is incorrect.  These plots were performed 
using material parameters for intrinsic amorphous silicon and a SCR thickness of 50 nm.   
Plots of the dark-current for the hemispherical p-i-n junction with a linear intrinsic 
chemical potential used in the recombination rate are shown in Figure 5.12.  As with the 
planar and coaxial junctions, the dark trap-current dominates all dark-current from the 
SCR for the hemispherical junction.  These plots were performed using material 
parameters for intrinsic amorphous silicon and a SCR thickness of 150 nm.   
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Figure 5.12 Dark-current plots for a hemispherical p-i-n junction with a linear intrinsic chemical potential 
used in the SCR recombination rate.  Again, as for the planar and coaxial junctions, the dark trap-current 
dominates all dark-current from the SCR for the hemispherical junction as well.  These plots were 
performed using material parameters for intrinsic amorphous silicon and a SCR thickness of 150 nm.   
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5.6 More on the generation rate for non-planar structures 
 Though most of the numerical analysis of this work is done for light incident from 
the top onto the arrays of non-planar, nanostructured PV architectures, it is worthwhile to 
explore some of the geometrical modifications that occur when the direction of incident 
light changes.   
5.6.1 Coaxial PV architecture with light incident from the top and radially 
To emphasize the role that the incident light vector plays on the generation rate, 
the scenario where light is incidence is a function of both   and   onto a coaxial PV cell 
is considered.  Light incident from the top of the cell and radially onto the cell, as seen in 
Figure 5.13, is best described using spherical coordinates, not cylindrical; i.e.   ⃑  
 
  
 ̂  
 
 
 
  
 ̂  
 
     ( )
 
  
 ̂.  The direction of incident light is along  ̂    ̂, meaning the 
divergence gives  ⃑    ̂   
 
  
.   
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a. 
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Figure 5.13 For light incident from the top and radially onto a coaxial architecture, the geometry of the 
structure causes the integration over all possible angles to be broken up into two segments.  The cross-
sectional side-views of the coaxial architecture show that the absorption length   ⃑⃑⃑ must be broken up from 
(a)           (
  
 
), and from (b)      (
  
 
)     
 
 
.   
Because of the geometry of the coaxial architecture, the absorption path length 
must be considered in two segments:   
i)  From     to        (
  
 
) 
The absorption path length is defined by,   ⃑⃑⃑     ̂, with,         ( )   .  The 
generation rate is then 
b. 
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ii)  From        (
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The absorption path length here is,          ( )   , therefore, the generation rate 
becomes 
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5.136 
With these forms for the generation rate, the generation current in the SCR for a coaxial 
p-i-n structure becomes 
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which reduces to 
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as the generation rate is assumed to have azimuthal symmetry for this scenario and is 
only a function of   and  .  The current must be broken up into the two corresponding 
segments,  
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5.139 
and, while the integrals are not evaluated here, the light-current contribution from the 
SCR for light incident on a coaxial junction from both the top and radially on the cell, is 
expressed most simply as 
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5.140 
It is possible that this light-current changes the value of the short-circuit current of a 
coaxial PV junction.  However, further work investigating this light-current could be 
investigated by evaluating the integrals in equation 5.139 in efficiency calculations of the 
coaxial p-i-n junction.   
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5.6.2 Coaxial PV architecture with light incident only radially 
Light incident radially (i.e. not vertically) on the cell is best described using 
cylindrical coordinates; i.e.   ⃑  
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 ̂  
 
  
 ̂.  The direction of incident light is 
along,  ̂    ̂, meaning the divergence gives  ⃑    ̂   
 
  
.  The absorption path length 
is   ⃑⃑⃑     ̂  [     ]  ̂, which gives 
     ( )  ∫ [   (  )]  (  )   (  )    (  (  ) [    ])
    
 
    5.141 
With this form for the generation rate, the generation current in the SCR is 
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  5.142 
which, because it is only radially spatially-dependent, becomes 
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Solving the spatial aspect of the integral, the generation current in the SCR becomes 
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5.144 
Equation 5.143 will be evaluated numerically in Chapter 6.   
5.6.3 Coaxial PV architecture with light incident from the top and radially and at a 
fixed azimuthal angle 
For simplicity, the light shining on one side of the device is taken to be along the 
y-direction.  As before when light was incident from both the top and radially, the 
generation rate must be broken up into two segments, as depicted in Figure 5.14.   
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a. 
b. 
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Figure 5.14 Cross-sectional side-views of a coaxial junction for light incident from the one side (along 
projections of the y-axis) showing the absorption length must be broken up into segments (a) 
          (
  
 
), and (b)      (
  
 
)     
 
 
.  A cross-sectional top-view is shown (c) for mapping the y-axis 
onto cylindrical coordinates.   
Here, the optical absorption length   ⃑⃑  is given by 
   ⃑⃑     [    ( )  ̂     ( )  ̂] 5.145 
with 
    √          √    ( )     ( )      ( )      (   ) 5.146 
and 
c. 
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        ( )    ( )         ( ) 5.147 
  (   )  √    ( )     ( )      ( )   
The incident light vector  ̂ is given by 
 
 ̂   [   ( )  ̂     ( )  ̂]   [   ( )   ( )   ( )      ( )]  ̂
    (   )  ̂ 
5.148 
with 
 ̂     ( )   ( )  ̂  ̂     ( )   ( )  ̂ 5.149 
 ̂     ( )  ̂   (   )     ( )   ( )   ( )     
 ( )  
Therefore, the optical absorption length can be defined as 
   ⃑⃑     [    ( )  ̂     ( )  ̂]      (   )   (   )  ̂   
    (   )  ̂ 5.150 
with 
   (   )    (   )   (   ) 5.151 
Since the optical absorption length is defined in terms of spherical coordinates, the 
divergence in the generation rate gives 
  ⃑    ̂   [   ( )   ( )   ( )      ( )]
 
  
    (   )
 
  
 5.152 
Therefore, the generation rate 
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 5.153 
becomes,  
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5.154 
i)  From     to        (
  
 
) 
       ( )    ( )        ( ) 5.155 
        ( )    ( )         ( )             ( )  
        ( )   
Therefore,  
    
 
   ( )
        ( )    5.156 
and with 
   (   )     ( )   (   ) 5.157 
the generation rate becomes 
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ii)  From        (
  
 
) to   
 
 
 
       ( )    ( )        ( ) 5.159 
        ( )    ( )         ( )  
        ( )               ( )   
Therefore,  
    
  
   ( )
         ( )    5.160 
and with 
   (   )     ( )   (   ) 5.161 
the generation rate becomes 
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With these forms for the generation rate, the generation current from the SCR is 
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Equation 5.163 will be evaluated and discussed in Chapter 6 when we discuss the 
efficiency of the coaxial PV junction.   
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5.6.4 Hemispherical PV architecture with light incident radially 
For radially incident light on a hemispherical structure, the absorption length is 
defined by,   ⃑⃑⃑⃑     ̂  [    ]  ̂, and the direction of incident light is given by  ̂    ̂.  
This gives a generation rate of 
     ( )  ∫ [   (  )]  (  )   (  )    (  (  ) [    ])    
    
 
 5.165 
With this form for the generation rate, the generation-current in the SCR is 
            ∫   
  
 
∫    ( )   
 
 
 
∫      ( )  
    
  
  
  5.166 
or 
 
         
    ∫ [ 
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]      
5.167 
From integration by parts, an analytical solution can be obtained as 
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5.168 
Equation 5.167 will be evaluated numerically in Chapter 6.   
5.6.5 Hemispherical PV architecture with light incident radially and at an azimuthal 
angle 
 As in Section 6.6.3, the optical absorption length is given by 
   ⃑⃑     [    ( )  ̂     ( )  ̂] 5.169 
which for the hemispherical structure can be expressed with greater ease by 
 
   √          √    ( )     ( )      ( )      (   )
 [    ]  (   ) 
5.170 
for the entire structure from   
 
 
.  The incident light unit vector is, again, given by 
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Therefore, the generation rate becomes,  
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5.172 
and the generation-current is 
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5.173 
Equation 5.172 is only set up here, and remains yet to be evaluated in calculating the 
efficiency of the hemispherical PV junction.   
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Chapter summary 
This chapter has applied the generation and recombination rates for particular 
photovoltaic architectures to the geometrically generalized fundamental physics 
governing carrier transport for both planar and non-planar photovoltaic junctions.  Both 
the generation and recombination are seen to significantly affect the performance of the 
current for non-planar architectures.  In Chapter 6, numerical results for some of the 
above analytical expressions governing the current-voltage characteristics expressed in 
this chapter will be presented, for comparison of device performance based on 
architectural design of the solar cell to ascertain what effects, if any, there are on PV 
efficiency.    
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Chapter 6 – Simulations and Results 
Introduction 
 As mentioned in Chapter 5, the numerical calculations for p-i-n solar cells in this 
work are based on the amorphous approximation, meaning that the total current is 
assumed to be predominantly coming from the SCR.  The current for any structure is then 
                         6.1 
and the total current for an array of   nanostructured coaxial or hemispherical p-i-n 
junctions is 
             6.2 
6.1 Arrays of nanostructured solar cells  
 When configured with subwavelength dimensions, the coaxial and hemispherical 
solar cells can functions as waveguides for visible light.  Analogous to macroscopic 
coaxial cables that propagate RF radiation with high efficiency, the coaxial solar cell can 
transmit visible radiation, light, in a TEM-like mode for annulus openings (waveguide 
openings) on the order of, or less than, the wavelength of light 
1, 2
.  However, for 
nanostructured coaxial solar cells with such waveguide openings, there is an inadequacy 
in the development of equations for a generation rate that treats light as a particle.  This is 
a feature of the generation rate that can be explored in further work for non-planar 
photovoltaic junctions.  Here, an approximation is made to maintain a ray optics 
viewpoint but still capture some of the essential features of nanostructures with 
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waveguide openings less than the wavelength of light.   One such approximation is that 
the structure and subwavelength feature of the arrays increases the optical cross-section 
for which light can be absorbed in the PV material.  That is, the inner vertical 
nanopillar/nanowire of the nanocoax can act as an antenna for incident radiation.  From 
antenna theory 
1
, the radial cross-section for which electromagnetic radiation is captured 
is on the order of the wavelength of the incident radiation.  In such a situation, it is 
anticipated that for inner contacts with submicron pitch (i.e. on the order of the 
wavelength of visible light), all incident light on the array will fall within the cross-
section of a coax antenna, even light that, in a ray-optics view, falls between 
coaxes/antennae (i.e., between individual cells, where there is no photovoltaic material).  
For the nanostructured coaxial PV junctions considered in this analysis, typical pitches 
between inner individual coaxial cells are ~ 800 nm.  Therefore, it is assumed for 
calculation purposes that all incident light on the array is incident on, and absorbed by, 
the PV material in the coax annuli.  In this way, despite the fact that light is being 
described in terms of particle number in some of the formulae, the wave aspect of light is 
being introduced in an ad hoc fashion from the view that the inner contacts act as 
antennae and channel it into the PV material.   
Another manner in which this issue could be dealt with is to overlook the 
description of light as a particle, and keep the area of photovoltaic material exposed to 
light held fixed at some value, such as one centimeter squared, for all solar cells, so that 
all photovoltaic architectures may be compared in a self-consistent manner throughout 
the numerical simulations.  One feature of the two methods proposed is that either 
method yields the same analytical expression for total current of the junction.  As will be 
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shown in this section, one method increases the number of cells in the array as a function 
of the junction thickness, while the other concentrates incident light onto a fixed number 
of cells in the array.   
6.1.1 Number of cells in the array for fixed area of PV exposed to light 
The method for calculating the number of cells in the array when the area of PV 
material is held fixed has already been discussed in Section 3.6.  To understand how the 
total current of non-planar, nanostructured solar cells is affected, Figure 6.1(a) displays a 
top-view of nanostructured cells for light incident longitudinally onto the array.  While 
the packing fraction varies depending on the thickness of the p, n, and i-layers, the area of 
a primitive cell is always greater than the area of photovoltaic material exposed to light 
within the primitive cell.  For numerical simulations in this analysis, the ratios of layer 
thicknesses in p-i-n junctions are held fixed at 1:14:1.  This ratio is based on relative 
thicknesses of each region in the planar configuration 
3
 for near-optimal performance.  
For an i-layer thickness of 350 nm, corresponding to p and n layer thicknesses of 350/14 
= 25 nm, the ratio of PV material per primitive cell to the area of the primitive cell is 
   
     
     .  For junction thicknesses going to zero, this ratio goes to zero.  For large 
junction thicknesses, this ratio goes to one (this is because the TCO thickness       is 
held fixed).  In contrast to nanostructured arrays, the planar p-i-n junction ratio 
   
     
 is 
always one.  That is, the area of the primitive cell is always equal to the area of PV 
material exposed to light.  Because the ratio 
   
     
 changes with junction thickness for non-
planar junctions, it is non-trivial to compare non-planar structures to planar structures. 
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Figure 6.1 (a) 2D hcp lattice for radial junction, nanostructured solar cells.  Because of the outer TCO, the 
ratio of PV material within the primitive cell defining the lattice is always less than the area of the primitive 
cell itself.  (b) 3D schematic of an array of coaxial p-i-n junctions.  For light incident radially on all cells, 
the radial surface area can arbitrarily vastly exceed the 2D area of the array by increasing the length   of 
the coaxial p-i-n junctions.  By mapping AM1.5 light onto an increasingly longer cell will cause the short-
circuit current to blow up.   
To be consistent across a spectrum of i-layer thicknesses for non-planar junctions, 
the area of PV material exposed to light is held fixed, thereby allowing the number of 
nanostructured cells to increase or decrease depending on the thickness of the junction.  
This inherently means that the area of the array for the non-planar, nanostructured cells 
will be larger than the area of the planar cell.  This is because the area of PV for the non-
planar cells is always smaller than the area of the array.  Because   
   
  [       ]
 for 
longitudinally incident light, as the junction thickness decreases, the number of cells in 
the array must increase to keep     constant.  Total light-current for any architecture, 
then, becomes 
                  
a. b. 
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 6.3 
 The case when light is incident radially onto a coaxial array amplifies this effect.  
The ratio of PV area to primitive cell area becomes 
   
     
 
       
    √ 
 , where L is the length of 
the coaxial cell.  For i-layer thicknesses becoming large, this ratio goes to zero.  
However, for increasingly longer lengths of coax, this ratio diverges.  One way to remedy 
this is to decrease the number of longitudinal photons that are mapped radially onto the 
coaxial cells (this is analogous to deconcentrating the photon flux onto the array).  
However, this has exactly the same effect as keeping the PV area on the walls of the 
coaxial junction constant, and adjusting the number of cells in the array based on how tall 
the coaxial cells are.  For radially incident light onto the coaxial cells, the number of cells 
in the array is given by   
   
       
.  Hence, as   increases, the number of cells in the 
array decreases to keep     constant.  Total light-current for a coaxial array then 
becomes 
                  
  
    
       
∫ [  ⃑    ̂ ∫ [   (  )]   (  )    (  ⃑(  )    ⃑⃑⃑⃑ )    
    
 
]    
 
 6.4 
6.1.2 Channeling light into PV material from antenna effect of inner contacts 
 From the view that all incident light on the coaxial array is absorbed in the PV 
material because the inner contacts act as antennae, the number of cells   and area of the 
array   remain fixed.  Therefore, the number of cells   is determined by the area of the 
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primitive cell      ; i.e.         .  The density of photons entering into the PV material 
then varies as a function of the junction thickness (i.e. light is concentrated or 
deconcentrated depending on whether the area of array is greater than or less than, 
respectively, the area of PV material exposed to light).  Conservation of photon current 
(the number of photons incident onto the array being concentrated into the PV material) 
gives 
                     
 
   
 6.5 
where the concentrated photon current density is given by      and the photon current 
density incident onto the array is    (refer to Section 4.1).  This means that as the area of 
PV material exposed to light becomes smaller than the area of the array, the photon 
current density increases, and likewise, as the area of PV material exposed to light 
becomes larger than the area of the array, the photon current density decreases.  Each 
situation corresponds to a concentration and deconcentration of light respectively.  The 
total light-current for any PV architecture then becomes 
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 6.6 
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For light incident longitudinally onto an array, the generation current becomes (using 
      [  
    
 ]  
 
     
 [  
    
 ] may be helpful to see the algebra) 
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 6.7 
For light incident radially onto the coaxial cells, the generation current becomes (using 
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 6.8 
Note, equation 6.7 is almost identical to equation 6.3, and equation 6.8 is also nearly 
identical to equation 6.4.   
6.1.3 Comments on the expressions for total current 
For all expressions of total current for the non-planar junctions, the total current is 
defined such that each expression is proportional to the area of material exposed to light; 
i.e.           .  Therefore, analytical expressions for current density can easily be 
obtained for all architectures and compared to each other; i.e.   
 
        
 for all 
structures.  Moreover, it is current density defined in this way that is important for the 
area of the input power in calculating the efficiency of the device.  The reason the 
expressions for total current are identical between the two cases (when the number of 
cells in the array varies or when light is concentrated) is because for both cases, the area 
exposed to light is always held fixed, e.g. at 1.0    , for an incident power density of 0.1 
      .  That is, when the area of PV material is held fixed,           
 .  When the 
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light is concentrated into the PV, the area of the array is          .  Therefore, either 
expression yields the same expression of current for the nanostructured arrays.   
6.2 Generation current (a.k.a “light-current”) comparisons 
 In this section, the integrand of the generation current is analyzed in detail to 
highlight differences in the generation current produced by the various PV architectures.   
6.2.1 Planar generation current for  ̂   ̂ 
The planar light-current is 
 
          ∫       [   (  )]   (  )[   (  (  ) [     ])
    
 
    (  (  ) [     ])]    
6.9 
or, using         , the thickness of the P-type quasi neutral region, and       
      , the thickness of the PTR and the SCR, the planar light-current can be expressed 
as 
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    (  (  )    )]      
6.10 
The current density is then 
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 6.11 
which confirms the well-established form for the generation current for a planar p-i-n 
junction 
4
.  By definition, there is only one cell that contributes to the total current for the 
planar junction.   
6.2.2 Coaxial generation current for  ̂   ̂ 
For light incident longitudinally (along the z-axis) the number of cells in the array 
is defined by 
   
   
  [       ]
 6.12 
The light-current for an array of coaxial devices is  
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6.13 
The current density of the array is then 
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6.2.3 Hemispherical generation current for  ̂   ̂ 
The light-current for an array of hemispherical devices is 
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6.15 
The current density of the array is then 
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6.2.4 Numerical results for longitudinally incident light; i.e.  ̂   ̂ 
 To visualize the differences in generation current for each architecture, the 
integrand of the generation current density for each structure is plotted with respect to 
photon energy.  For a bias applied to the junction of zero, the generation current is simply 
the short-circuit current value.  While it might seem more pertinent to simply calculate 
the numerical short-circuit current values of each PV architecture, there is actually a great 
deal of information about the dependence of the short-circuit current on photon energy by 
plotting the integrand of equations 6.10, 6.13, and 6.15.  The short-circuit current profile 
for each structure is shown in Figure 6.2.  The curves were produced using Mathematica 
8 and exported into OriginLab7.  Material values for amorphous silicon are given in table 
6.1 below 
3, 5
.   
Table 6.1 
Constant Value Units 
  1.602 x 10 - 19 C 
  3.0 x 10 10 cm s -1 
   1.38 × 10 
− 23
 J · K − 1 
  1.05 × 10 − 34 J · s 
  1.65   J 
  300 K 
  [   ]
   2.415 x 10 
20
 J 
- 1
 
   6000 K 
   [    ]
   1.208 x 10 
19
 J 
- 1
 
    3.0 x 10 
-5
 cm 
    3.0 x 10 
-5
 cm 
     1.1 x 10 
- 30
 cm 
6
 s 
- 1
 
     0.3 x 10 
- 30
 cm 
6
 s 
- 1
 
  1.1 x 10 - 14 cm 3 s - 1 
     20 cm 
2
 V 
– 1
 s 
- 1
 
     2 cm 
2
 V 
– 1
 s 
- 1
 
   3.0 x 10 
18
 cm 
-  3
 
   8.0 x 10 
18
 cm 
-  3
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   2.5 x 10 
20 
cm 
- 3
 
   2.5 x 10 
20 
cm 
- 3
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- 3
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Figure 6.2 Short-circuit current per photon energy for planar (equation 6.10), coaxial (equation 6.13), and 
hemispherical (equation 6.15) p-i-n junctions.  All plots correspond to junction thicknesses of 400 nm, 
while the length of the coaxial cell is chosen to be 500 nm.   
The curves shown in Figure 6.2 all correspond to i-layer thicknesses of 350 nm, 
yielding a total junction thickness of 400 nm.  The coaxial p-i-n junction, however, has 
the additional geometric parameter of height,  , which has a chosen value of 500 nm for 
the curve shown.  These curves plot the integrands of equations 6.10, 6.13, and 6.15, for 
which all have the same limits of integration, adhering to the band gap (lower limit) and 
electron affinity (upper limit) of a-Si.  The area under each curve yields the light-current 
at zero bias (i.e. the short-circuit current) for each architecture shown.  The merit in 
plotting the integrands is to observe the energy dependence of the light-current.  From the 
figure, one sees that the coaxial junction employed absorbs significantly more light in the 
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blue to ultraviolet range of the electromagnetic spectrum compared to the planar and 
hemispherical architectures.  It is also seen that for this chosen coaxial length, which is 
less than what we later show to be the optimal length for the maximally efficient coaxial 
solar cell, the area under the curve for the coaxial junction is larger than both the planar 
and the hemispherical p-i-n junctions, corresponding to the largest short-circuit current of 
all three architectures.  Interestingly, the hemispherical structure produces less short-
circuit current then the planar junction, which might have been expected because of the 
cosine-squared coefficient in the hemispherical generation rate (equation 5.116).  Among 
other factors, maximizing the short-circuit current correlates to maximizing the efficiency 
of a solar cell.  Hence, a junction yielding a higher short-circuit current than that 
observed in other architectures is an indication that there may be potential for the coaxial 
architecture to exceed efficiencies set by planar p-i-n junctions.   
6.2.5 More numerical results for the coaxial architecture 
Because of the additional geometric parameter   for the coaxial p-i-n architecture, 
it is worthwhile to explore, in further detail, the numerical results for this junction.   To 
see how the derivative of the short-circuit current with respect to photon energy for the 
coaxial junction behaves as a function of coaxial height  , four different lengths are 
considered in Figure 6.3.   
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Figure 6.3 Equation 6.13 plotted as the short-circuit current per photon energy for a coaxial p-i-n junction.  
Total junction thickness is 400 nm (i.e. 350 nm i-layer) for all plots shown here.   
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Figure 6.4 Short-circuit current vs. coaxial height.  Because the generation current is still an exponentially 
plateauing function with respect to absorption depth, the increase in short-circuit current saturates for 
longer lengths   of the cell, which also happens for the planar junction with respect to junction thickness.  
The line is a guide to the eye.   
Equation 6.13 is evaluated for a set of coaxial lengths and plotted in Figure 6.4.  
Here, it is seen that increasing the length of the coax increases the amount of short-circuit 
current produced.  However, the increase in area under the curve (i.e. the short-circuit 
current produced) does not increase linearly.  At a length of roughly 1 m, the short-
circuit current begins to saturate.  At longer lengths of coax, very little extra light-current 
is able to be obtained.  Because recombination-current increases for increasingly longer 
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lengths of coax, this saturation feature in Figure 6.4 limits how tall the nanocoax need be 
in order to maximize the power output of the device.   
6.2.6 Numerical results for the generation current of the coaxial p-i-n junction with 
radially incident light; i.e.  ̂   ̂ 
Because direction of incident light changes the generation current produced by the 
coaxial cell, comparing the coaxial p-i-n junction for light entering the cell radially is also 
relevant.  For radially incident light, the number of nanostructured coaxial cells is 
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or, using          and             , the total light-current density can be 
expressed as 
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which shares light absorption attenuation similarities with the expression for the light-
current of the planar junction, as should be expected in this situation for light entering the 
coaxial junction radially.  That is, light must pass through the P-type window to be 
absorbed in the SCR, just as for the planar junction.     
 
 
 
204 
 
0 1 2 3 4 5 6
0
5
10
15
20
25 Coaxial Structure
Photon Energy [eV]
d
I S
C
/d
 
[m
A
/e
V
]
 longitudinal light
 radial light
 
Figure 6.5 Short-circuit current per photon energy for the coaxial p-i-n junction when light is incident on 
the cell longitudinally (from the top) and radially (laterally).  Both plots shown refer to junction thicknesses 
of 400 nm.  For light incident on the cells radially, the generation current expression works out to be 
independent of the length of the coax.  For longitudinally incident light, the result for the employed coax 
length of 500 nm easily exceeds that for the generation current when light is incident radially onto the 
coaxial cells.   
Note, because of how the number of cells are defined for radially-incident light on 
the coaxial array, equation 6.18 is independent of the height   of the coax.  Figure 6.5 
compares the generation current of the coaxial p-i-n junction for light incident 
longitudinally on the array and light incident radially onto the array of coaxial cells.  For 
radially incident light, the absorption in the i-layer is attenuated by light passing through 
the PTR of the junction first, which also happens in the planar p-i-n junction.  Compared 
to the generation current produced by the planar junction (Figure 6.2), the generation 
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current produced by the coaxial junction with radially incident light is less, which 
indicates that the geometry of the junction can also potentially diminish the performance 
of the coaxial structure, even with regard to the short-circuit current.   
6.2.7 Numerical results for the generation current of the hemispherical p-i-n 
junction with radially incident light; i.e.  ̂   ̂ 
For radially incident light, the number of nanostructured hemispherical cells is 
   
   
      
 6.20 
giving a total light-current density of the array of 
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While the coaxial junction showed a variation in cell performance based on direction of 
incident light, the hemispherical structure is nearly direction-independent.  In order for 
the hemispherical junction to have completely decoupled electronic and photonic path 
lengths, light would have to be simultaneously incident tangentially everywhere along the 
hemispherical junction; i.e.  ̂   ̂.  Light does not naturally behave in such a fashion, 
however, and therefore, the hemispherical junction can, at best, only be partially 
decoupled.  Figure 6.2 already showed that partially decoupling the photonic and 
electronic path lengths of a junction does not appear to have any performance benefits for 
the hemispherical junction with respect to the generation current.   
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Figure 6.6 Short-circuit current per photon energy for the hemispherical p-i-n junction when light is 
incident longitudinally and radially.  Both plots refer to junction thicknesses of 400 nm.  Because the 
hemispherical junction only partially decouples optical and electronic path lengths, there is little room for 
improvement for the hemispherical junction as a function of direction of incident light.  For radially 
incident light, integration yields a short-circuit current of 8.11 mA, while for longitudinally incident light, 
integration yields a short-circuit current value of 8.70 mA.   
Therefore, by allowing light to enter the hemispherical junction in such a way that 
the two length scales are, again, completely coupled, the difference in short-circuit 
current indicated in Figure 6.6 may have a physical origin.  While the peak of the curve 
increases for radially incident light, the full width at half maximum simultaneously 
decreases.  The change in area under the curve is such that the relative difference in 
short-circuit current produced by changing the direction of incident light is only 7%, with 
light incident longitudinally having just a slightly greater short-circuit current value.   
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6.3 Recombination current comparison 
 While many of the recombination current curves have already been plotted in 
Chapter 5, a curve comparing all three structures has not yet been shown.  This is plotted 
in Figure 6.7.   
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Figure 6.7 Recombination currents for planar, coaxial, and hemispherical p-i-n junctions.  Note, for the 
hemispherical structure, a linear intrinsic chemical potential was used in the recombination rate.  Even for 
such a band profile in the hemispherical architecture, the architectures, in order of increasing dark-current, 
are planar, hemispherical, and coaxial.  These plots were performed using material parameters for 
amorphous silicon with a SCR thickness of 150 nm, and for a coaxial height of 1000 nm.  
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Here, it is seen that the planar junction produces the least amount of 
recombination current and that the coaxial junction produces the largest amount of 
recombination current.  While the coaxial height used here is 1000 nm, the coaxial solar 
cell produces the largest amount of dark-current, for coaxial lengths down to 300 nm, for 
all junction thickness shown of 150 nm.  Increasing the height of the coax beyond 1000 
nm only increases the amount of dark-current produced.  Note, it is because of the 
physical change to energy band profile (i.e. from a linear to logarithmic profile) across 
the SCR of the coaxial junction that it produces a larger recombination-current compared 
to the planar junction.  Based on the physical changes of the energy bands in the SCR 
associated with the geometrical configurations of the junction, the hemispherical junction 
should produce an even larger recombination-current than the coaxial junction.  
However, because of difficulties in fitting the intrinsic chemical potential for the 
hemispherical junction, a simple, default linear intrinsic chemical potential was used in 
calculations of the recombination rate, and the recombination rate was simply integrated 
over the volume of a hemispherical architecture, which may be why the dark-currents 
produced for the hemispherical junction and planar junction are so close in value.  Even 
so, the hemispherical junction produces just a slightly larger recombination current 
compared to the planar junction. 
6.4 I-V and efficiency curves for  ̂   ̂ 
Combining the light and dark current expressions, I-V curves can be produced for 
these coaxial, hemispherical and planar architectures (as well as other less symmetric 
geometries).  By varying spatial parameters of the junction for each architecture, the I-V 
curves can be studied to ascertain which configuration of each junction maximizes cell 
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performance.  The hemispherical junction produces a larger amount of recombination 
current and a smaller amount of generation current with respect to the planar junction, 
and its I-V curves are neglected.  Recall that for this analysis of solar cells, series and 
parallel resistances of the solar cell are neglected, and therefore, the fill factor FF does 
not vary significantly for all three architectures.   
The efficiency of a solar cell is defined here by 
   
    
   
 
        
   
 
6.22 
where      defines the maximum power density point of the current-voltage curve,      
defines the current density value corresponding to the maximum power point on the 
current-voltage curve,      defines the voltage value corresponding to the maximum 
power point on the current-voltage curve, and     
 
   
 is the standard input power for the 
cell.   
6.4.1 Planar p-i-n junction I-V and efficiency curves 
 The planar junction only has one geometrical variable that will vary the 
performance of its efficiency, and that is the thickness of the i-layer.  The quasi-neutral 
regions are invariably linked to the SCR thickness in this analysis, and therefore, the total 
junction thickness is the only geometric property of interest for the planar architecture.  
Figure 6.8 shows a cross-section of I-V curves for the planar p-i-n architecture for 
varying junction thicknesses.  Here it is seen that for decreasing junction thicknesses, the 
open-circuit voltage increases.  The voltage dependence of the planar junction is 
inherently incorporated into this analysis from the voltage dependence of the intrinsic 
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chemical potential.  Increasing voltage with decreasing junction thickness has been 
observed experimentally by Kempa, et al. 
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Figure 6.8 Representative I-V curves for the planar p-i-n junction.   
By producing a spectrum of such curves, the optimal junction thickness can be 
determined and the maximum efficiency predicted by plotting efficiency vs. junction 
thickness, as shown in Figure 6.9.  The general shape of the efficiency curve in Figure 6.9 
matches what is experimentally already known about the planar junction, in that the 
junction should not be made too thick, because few photogenerated carriers will be able 
to be extracted, while at the same time it also should not be made too thin, because then 
very little photon absorption occurs.   
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Figure 6.9 Efficiency plot for the planar p-i-n junction based on maximum power points taken from the I-V 
curves of varying junction thicknesses.  Optimal junction thicknesses are on the correct order of magnitude 
compared to experimentally observed optimal junction thicknesses.  The maximum efficiency predicted is 
to within a percent of what has been NREL certified 
7
. 
While the general shape of the curve matches what is already experimentally 
known about planar p-i-n junctions, the details of the numerical results vary slightly from 
numbers that are observed experimentally.  The peak in efficiency actually is close to 
what is observed experimentally, peaking at a value of roughly 10.5% 
8
.  This result may 
not be fortuitous.  However, the predicted optimal junction thickness value (roughly 200 
nm) is less than what is experimentally observed for an amorphous p-i-n junction 
(roughly 350 nm) for planar, untextured a-Si cells.  Moreover, for most fabricated p-i-n 
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planar junctions, a back reflector is used as the bottom contact, in essence, doubling the 
allowable photonic path length of the junction.  With no such back reflector or texturing 
incorporated into the present work, it stands to reason that the optimal junction thickness 
predicted here will differ from experimental conditions containing those details.  
However, quantitative details aside, the shape of the curve provides a close physical 
guide as to the range of efficiencies that could be expected for a planar p-i-n junction, and 
a semi-quantitative estimate for the thicknesses of the junction that could be expected to 
give such power conversion efficiencies.   
6.4.2 Coaxial p-i-n junction I-V and efficiency curves  
 There is a fundamental difference between the performance of individual coaxial 
solar cells, and that of an array of coaxial solar cells.  Figure 6.10 shows two I-V curves 
for single coaxial solar cells.  For individual coaxial cells, increasing the width of the 
annulus (i.e. increasing the thickness of the PV material exposed to light) allows for more 
carrier generation because of the particle description of light in this analysis.  This is why 
the single coax with an i-layer thickness of 100 nm produces a larger short-circuit current 
than the single coax with an i-layer thickness of 15 nm.  Therefore, the trend in increasing 
short-circuit current in Figure 6.10 is logical.  This is in contrast to what is calculated for 
the array of coaxial p-i-n junctions.  For arrays of coaxial cells, increasing the width of 
the annulus has no such effect.  This is because for the array, it is assumed that all 
incident light is captured, assuming that the inner contacts act as antennae and extend the 
capturing cross-section to inter-coax distances.  Referring to Figure 6.11, increasing the 
width of the annulus has no effect on the short-circuit current for the array of coaxial 
solar cells.  The only effect seen for increasing junction thickness is a diminishing open-
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circuit voltage value.  For both single coaxial cells and arrays of coaxial cells, we explain 
this as a result of increasing the width of the SCR, causing an increase in the 
recombination current of the junction;  hence the trend in open-circuit voltage in Figures 
6.10 and 6.11.   
-0.25 0.00 0.25 0.50 0.75 1.00
-40
-20
0
20
40
C
u
rr
e
n
t 
[f
A
]
DC Bias [V]
 tSC = 15 nm, L = 2000 nm
 tSC = 100 nm, L = 2000 nm
 
Figure 6.10 I-V curves for singular coaxial p-i-n junctions, showing the fundamental difference in optimal 
behavior based on junction thickness.  Because the opening of the annulus is larger for a SCR of 100 nm, 
the short-circuit current is actually larger than that for the 15 nm SCR annulus opening.   
Figure 6.11 also shows the effect on short-circuit current and open-circuit voltage 
of increasing height of the coaxial cells.  Here, it is seen that for longer coaxial cells, 
there is an increase in both the short-circuit current and open-circuit voltage, interpreted 
as due to increasing the light-current and dark-current of the junction, respectively.  
However, as noted in Section 6.2.5, the light-current does not increase indefinitely, while 
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the dark-current does, and therefore, there will be a certain length of coax where the 
short-circuit current will begin decreasing.   
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Figure 6.11 I-V curves for arrays of coaxial solar cells show an increase in short-circuit current for 
increasing length and decreasing open-circuit values shows for increasing junction thickness.   
 By calculating the efficiency for the coaxial junction as a function of both 
junction thickness and coaxial height, the optimal performance for the coaxial array can 
be determined.  Figure 6.12 shows the efficiency of the coaxial array as a function of 
coaxial height for a spectrum of different junction thicknesses, using equations 6.22, 
6.13, and 5.106-5.108.  Adhering to the nature of recombination in the SCR, it is seen 
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that the best efficiencies for the coaxial array occur for very thin (10 – 15 nm) i-layer 
thicknesses.   
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Figure 6.12 Efficiency vs coaxial length.   
 Analogously, Figure 6.13 shows the efficiency of the coaxial array as a function 
of junction thickness for a spectrum of different coaxial heights.  Here, as noted earlier, 
increasing the length of the coaxial cells increases overall efficiency up to a certain 
length, after which, increasing the length further only increases the recombination in the 
SCR and the performance of the coaxial array begins to degrade.  It is seen that the 
optimal coaxial length occurs near 2000 nm, which, based on photon absorption lengths 
for amorphous silicon in the visible spectrum, accounts for close to 100% absorption of 
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the visible portion of light in the PV material.  There appears to be no benefit to 
constructing coaxial cells with lengths exceeding 2000 nm because at that length, all 
usable light has been absorbed, and increasing the length further only increases the 
amount of dark-current of the cell.  This feature has been observed experimentally with 
the nanocoax solar cell as well, and occurs roughly at the same length 
9
.   
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Figure 6.13 Coaxial p-i-n junction with a logarithmic spatially dependent intrinsic chemical potential 
across the SCR.  Efficiency vs junction thickness shows dramatic decrease in efficiency for increasing 
junction thickness compared to the decrease in efficiency observed for the planar junction. 
One feature of Figure 6.13 that should also be addressed is the saturation of 
efficiency values as the junction thickness goes to zero.  This occurs because it is 
assumed in this analysis that all incident light is channeled and absorbed by the PV 
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material, even when the annulus openings of the coaxial cells becomes extremely small.  
Hence, for small annulus openings, all incident light is still concentrated into the PV 
material in this analysis.  Therefore, based on this assumption, the efficiency values will 
not approach zero as quickly as may occur in reality.   
The maximum efficiency predicted for the coaxial array is approximately 12.5%.  
However, it should be noted that while the overall features of these curves seem to follow 
intuition, the exact values of these curves should be considered as only tentative.  The 
value     was used in equation 4.80 for the intrinsic chemical potential in the SCR of 
the coaxial junction.  This value is an estimate as to where the intrinsic chemical potential 
intersects the average of the quasi-Fermi energies in the SCR, as no simulations on the 
band structure for coaxial junctions can be found in the literature.  Physically,   may 
vary between 2 and infinity, depending on how sharply the logarithmic function deviates 
from linear behavior across the SCR of the coaxial junction.  Moreover, this value may 
change depending on the thickness of the junction.  It is noted, however, that for different 
values of   used to calculate the efficiency for the coaxial junction, the overall peak-
efficiency does not vary significantly. The rate at which the efficiency drops off with 
increasing junction thickness, however, is largely affected by   in the expression for the 
intrinsic chemical potential.  For    , efficiency drops off, with increasing junction 
thickness, faster than that shown in Figure 6.13, while for values    , the efficiency 
drops off slower than that observed in Figure 6.13.   
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6.4.3 Coaxial I-V and efficiency curves for a linear band profile in the SCR 
 It is interesting to compare coaxial junctions for different functional forms of the 
intrinsic chemical potential in the recombination rate.  Figure 6.14 plots the efficiency of 
the coaxial junction with respect to junction thickness when the linear form of the 
intrinsic chemical potential is applied to the recombination rate.  For any given coaxial 
height, the efficiency of the junction does not change as the total thickness of the junction 
is increased.  Physically, this occurs because no matter how thick the junction is made, 
the linear intrinsic chemical potential applies only for constant (i.e. spatially independent) 
built-in electric fields across the SCR.  For the coaxial junction, because light absorption 
and electronic transport are orthogonal, a constant electric field across the i-layer allows 
for all charge carriers to be extracted no matter how thick the junction is made.   
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Figure 6.14 Efficiency predicted for a coaxial p-i-n junction, with a linear spatially dependent intrinsic 
chemical potential used in the recombination rate. 
Physically, however, this result is not self-consistent.  As the thickness of the junction is 
increased, even for coaxial architectures, the probability of carrier extraction must 
decrease, thereby decreasing the overall efficiency of the cell.  This result reinforces our 
hypothesis that there is a fundamental change in the spatial dependence of the energy 
bands across the SCR for non-planar photovoltaic architectures.  That is, the linear band 
profile across the SCR for the planar p-i-n junction changes to a logarithmic profile for 
the coaxial p-i-n junction.   
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6.4.4 Comparison of the coaxial and planar p-i-n junction in optimal performance 
To reiterate, we have shown that the coaxial junction gives larger generation 
current than the planar junction because of the additional geometric parameter of length 
 .  However, it was also shown that the coaxial junction produces a much larger 
recombination current due to the logarithmic spatial dependence of the intrinsic chemical 
potential in the SCR; i.e. the built-in electric field in the SCR is  
 
 
  and, therefore, the 
magnitude drops off quickly for increasing radial junction thickness. The two 
architectures are compared in Figures 6.15 and 6.16.  Figure 6.15 compares the two 
structures as a common function of junction thickness.  The height of the coaxial solar 
cell has been optimized for maximum efficiency in Figure 6.15, based on the plots in 
Figure 6.13.  While the optimal thickness for the planar junction is near 200 nm, the 
optimal junction thickness for the coaxial architecture is an order of magnitude lower, 
occurring somewhere near 10-15 nm (see Figure 6.16).  This decrease in optimal junction 
thickness is to be expected based on what has been learned in this analysis about the 
built-in electric field for the coaxial junction; i.e. its inverse spatial dependence with 
respect to radial distance.  The coaxial junction must be thin with respect to the thickness 
of the planar junction to minimize the amount of recombination-current that is produced 
in the SCR.  Keeping in mind that for the coaxial junction, it has been assumed that all 
incident photons onto the array are being absorbed in the PV material, there appears to be 
a 2% absolute increase in peak-efficiency predicted for the coaxial p-i-n junction with 
respect to the planar junction.   
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Figure 6.15 Efficiency vs junction thickness curves for planar and coaxial p-i-n junctions.   
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Figure 6.16 Efficiency vs. junction thickness for a planar junction (bottom) and efficiency vs coax length 
(top).   
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Chapter summary 
For longitudinally-incident light, the hemispherical PV structure represents a 
combination of physical results for the planar and coaxial p-i-n junctions; that is, light is 
only partially decoupled for this structure.  Based on the results of the light-current and 
the dark-current, the hemispherical structure appears to be least performing geometrical 
configuration, as the structure not only produces a dramatically smaller amount of light-
current, but it also produces slightly more dark-current with respect to the planar 
junction.  This indicates that the hemispherical architecture cannot outperform the planar 
junction.  However, the intrinsic chemical potential in the SCR of the hemispherical 
junction is still not fully understood, and therefore, more work remains to be done for this 
architecture.   
 The predicted planar junction efficiency curve comes extremely close (perhaps 
fortuitously) to known experimental results.  However, for extremely thick junctions, the 
physical assumptions about the planar p-i-n junction used here may break down.  
Potential problems include non-negligible recombination-currents in the quasi-neutral 
regions and a breakdown of the SCR across the i-layer.  In the other limit, it may not be 
realistically possible to fabricate very thin p-i-n junctions.  However, previous work has 
shown that junctions with i-layer thicknesses as small as 5 nm are able to be fabricated 
6
.  
For all junctions, then, this puts a limited regime of i-layer thicknesses greater than 5 nm, 
as to where the results of these curves may be taken to be reliable.   
 Finally, the predicted efficiency of the coaxial junction appears to only make 
physical sense when the energy band profiles vary logarithmically across the SCR.  In 
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general, this has the effect of decreasing the open-circuit voltage of the cell with respect 
to the planar junction (by increasing the dark-current current with respect to the planar 
junction).  However, the coaxial solar cells additional geometric parameter   allows for 
the coax to orthogonalize photon absorption from electronic transport.  Because of this, 
the structure invariably produces a larger short-circuit current with respect to the planar 
junction (by increasing the light-current with respect to the planar junction).  Though 
these two results compete with each other for optimal performance of a solar cell, by 
concentrating all incident light on the array into the PV material via an optical antennae 
effect, there appears to be enough increase in short-circuit current to improve the overall 
efficiency by roughly 2% absolute (20% relative) with respect to the planar junction.   
While the theory and analysis presented here are somewhat straightforward, in 
that it does not address series and/or parallel resistances, fundamental aspects about the 
differences in carrier transport for photovoltaic junctions come through based solely on 
the different geometrical orientations of the photovoltaic junction.  More importantly, the 
results indicate that geometry alone may still be an additional avenue for realizing higher 
solar cell efficiencies.  Further work in geometrical photovoltaics may follow and more 
accurate simulations predicting device performance can result.   
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Appendix I – Bose-Einstein and Fermi-Dirac integrals 
Simple solutions to integrals having the form: 
∫
  
   ( [   ])   
  
  
   
and  
∫
  
   ( [   ])   
  
  
   
are desired.  For either integral, making a substitution of the form 
   [   ] 
gives 
       
and integrals of the Bose-Einstein form become 
∫
  
   ( [   ])   
  
  
   
 
    
∫
[    ] 
   ( )   
 [    ]
 [    ]
   
and integrals of the Fermi-Dirac form become 
∫
  
   ( [   ])   
  
  
   
 
    
∫
[    ] 
   ( )   
 [    ]
 [    ]
   
Therefore, integrals containing the Bose-Einstein distribution function can necessarily be 
expressed in terms of an integral of the form 
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∫
[   ] 
   ( )   
 
 
   
and integrals containing the Fermi-Dirac distribution function can necessarily be 
expressed in terms of an integral of the form 
∫
[   ] 
   ( )   
 
 
   
Since our pursuit of simple solutions to these integrals is only academic in nature, we 
propose a combined quasi-analytic and quasi-numeric solution to these integrals, in hopes 
that the solutions can be used by students learning about statistical mechanics and/or 
solid state physics to ease the often cumbersome and confusing integrals needed to be 
solved containing these distribution functions.   
Integrals containing the Bose-Einstein distribution function, of the form: 
∫
[   ] 
   ( )   
 
 
   
We begin by re-writing the denominator of the integrand as 
 
   ( )   
 
    (  )
     (  )
    (  ) [     (  )]   
We now apply the binomial expansion to the piece [     (  )]  .   
Binomial Expansion: general form is given by 
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[   ( )]      ( )  
 [   ]
  
 ( )  
 [   ][   ]
  
 ( )   
 ∑
  
[   ]   
 ( ) 
 
   
 
Let        ( )    (  )           
[   (  )]     {[  ](  (  ))}  {
[  ][    ]
  
(  (  )) }
 {
[  ][    ][    ]
  
(  (  )) }
 {
[  ][    ][    ][    ]
  
(  (  )) } 
    ( )   ( )   ( )   ( )   
Therefore, the piece [     (  )]   becomes 
[     (  )]        (  )     (   )     (   )    ∑   (   )
 
   
 
and the denominator of the integrand can be written as  
 
   ( )   
    (  )[     (  )]  
    (  ) [     (  )     (   )     (   )    ]
 ∑   (   )
 
   
 
The benefit of writing the analytic function, 
 
   ( )  
, as a discrete sum will become 
apparent later on.   
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Therefore, we can write integrals of the Bose-Einstein form as  
∫
[   ] 
   ( )   
 
 
   ∫ [   ] 
 
 
[∑    (   )
 
   
]    
Integration by parts gives, 
       [   ]       [   ]      
        ∑    (   )  
 
   
    [  ]∑[
 
 
]     (   )
 
   
 
Therefore,  
∫ [   ] 
 
 
[∑    (   )
 
   
]   
 {[  ] [   ] ∑[
 
 
]     (   )
 
   
|
 
 
}  ∫  [   ]   ∑[
 
 
]     (   )
 
   
 
 
   
Using iterative integration by parts: 
Iteration 1 
       [   ]           [   ][   ]      
   ∑[
 
 
]    (   )        [  ]∑[
 
  
]     (   )
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∫  [   ]   ∑[
 
 
]     (   )
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|
 
 
}
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]     (   )
 
   
 
 
   
Iteration 2  
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Iteration 3 
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∫  [   ][   ](   )   ∑[
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Therefore, combining all terms together, we can write the original integral as 
∫ (   ) 
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}    
Successive iterations yield the summation: 
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Note: for   
 
 
, 
∫
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Integrals containing the Fermi-Dirac distribution function, of the form: 
∫
[   ] 
   ( )   
 
 
   
Again, begin by re-writing the denominator of the integrand as 
 
   ( )   
 
    (  )
     (  )
    (  ) [     (  )]   
We now apply the binomial expansion to the piece [     (  )]  .   
Binomial Expansion: general form is given by 
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[   ( )]      ( )  
 [   ]
  
 ( )  
 [   ][   ]
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 ∑
  
[   ]   
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Let       
[   ( )]     [  ] ( )  
[  ][    ]
  
 ( )  
[  ][    ][    ]
  
 ( ) 
   
or 
[   ( )]      ( )   ( )   ( )   ( )   ( )   
Therefore, the piece [     (  )]   becomes  
[     (  )]  
      (  )     (   )     (   )     (   )     (   )
   
and therefore, the denominator of the integrand can be written as  
 
   ( )   
    (  )[     (  )]  
    (  )[     (  )     (   )     (   )   ] 
or 
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    (  )     (   )     (   )     (   )   
 ∑    (   )
 
        
 ∑    (   )
 
        
 
Hence, integrals containing the Fermi-Dirac function can be expressed as a sum of two integrals 
containing discrete sums   
∫
[   ] 
   ( )   
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]    ∫ [   ] 
 
 
[ ∑    (   )
 
        
]   
We use iterative integration by parts for each integral again.     
∫ [   ] 
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Integration by parts gives, 
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Therefore, 
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Iteration 1 
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Iteration 2  
236 
 
       [   ][   ]           [   ][   ][   ]      
   ∑ [
 
  
]    (   )
 
        
        [  ] ∑ [
 
  
]    (   )
 
        
 
Therefore, 
∫ [   ] 
 
 
[ ∑    (   )
 
        
]   
 {[  ][   ] ∑ [
 
 
]    (   )
 
        
|
 
 
}
 {[  ] [   ]   ∑ [
 
  
]    (   )
 
        
|
 
 
}
 {[  ] [   ][   ]   ∑ [
 
  
]    (   )
 
        
|
 
 
}
 ∫  [   ][   ][   ]   ∑ [
 
  
]    (   )
 
        
  
 
 
 
Iteration 3 
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Therefore, 
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Or, 
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and, likewise, for the even summation 
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Therefore, the  
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Now, by letting  
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Appendix II – Hot electron effect in nanoscopically thin photovoltaic junctions 
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